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Abstract
Gravitoelectromagnetism (GEM): A Group Theoretical Approach
Jairzinho Ramos Medina
Robert Gilmore, Ph.D.
We derive the field equations of GEM by using a vector formulation based on the weak field ap-
proximation of Einstein’s theory and a new tensor formulation based on group theory and the spin
of the graviton. Both formulations are in free space and space with sources. The analogy in the
description of gravity and electromagnetism is shown in these field equations. The gravitational
field is decomposed into two fields: gravitoelectric and gravitomagnetic fields, which satisfy the
Maxwell-like field equations of GEM. In addition we obtain the wave equation of GEM by using
the differential operators divergence, curl and gradient in terms of Clebsch-Gordon coefficients. A
general wave equation for an irreducible tensor of rank j is also derived.
1Chapter 1: Introduction
Gravitoelectromagnetism (GEM), which is an approach based on formulating gravity in analogy
to electromagnetism, has a long history. J.C. Maxwell [1] in 1865 recognized the striking analogy
between Newton’s law of gravitation and Coulomb’s law of electricity. He attempted to develop a
vector theory of gravity by considering the possibility of formulating the theory of gravitation in
a form similar to the electromagnetic equations. However, as it is pointed out by McDonald [2],
he was puzzled by the problem of energy of the gravitational field, i.e. the meaning and origin of
the negative energy due to the mutual attraction of material bodies. In fact, according to him the
energy of a given field expressed as an integral over field energy density is positive, but this is not
the case of the gravitational energy. Since he was unable to understand how this could be, he did
not work further on this topic. Another attempt to construct a gravitational theory along the lines
of the electromagnetic theories was made by Holzmu¨ller [3] and Tisserand [4] who, on the ground
of Weber’s modification of the Coulomb law for the electrical charges, tried to explain the excess
advance in the perihelion of Mercury in terms of the action of an additional magnetic component of
the gravitational force of the Sun.
In 1893, O. Heaviside [5] pursued Maxwell’s attempt further and developed the full set of Lorentz-
Maxwell type equations for gravity, very much analogous to the corresponding equations in classical
electrodynamics. In this way, he split the gravitation into electric and magnetic type components.
Heaviside’s field equations implied the existence of gravitational waves in vacuum, so he considered
that the propagation velocity of gravitational waves in vacuum might well be the speed of light in
vacuum. He also explained the propagation of energy in a gravitational field, in terms of a gravi-
toelectromagnetic Poynting vector, even though he considered the nature of gravitational energy a
mystery. Lacking experimental evidence of gravitomagnetic effects and for some other reasons he did
not work further. Surprisingly Heaviside seemed to be unaware of the long history of measurement
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of the precession of Mercury’s orbit. With the subsequent success of the Maxwell theory, Lorentz
[6] in 1900 demonstrated that a magnetic gravitational force parallel to Maxwell’s magnetic force
would be too weak to explain the excess orbital precession of Mercury. In spite of this shortcoming
the attempts on this topic did not stop.
The formal analogy was studied by Einstein [7]. In 1915, Einstein’s general relativity provided an
explanation of the excess perihelion precession of Mercury in terms of a small relativistic correction
to the Newtonian gravitoelectric potential of the sun [8]. Soon afterwards, the gravitational influence
of the rotation of the Sun on Planetary orbits was determined within general relativity by de Sitter
[9]. Any theory that combines Newtonian gravity with Lorentz invariance should necessarily contain
a gravitomagnetic field [10] which is generated by mass current. The first general investigation of the
gravitomagnetic field within the framework of general relativity is due to Thirring [11]. Moreover,
Lense and Thirring [11] showed that a rotating mass generates a gravitomagnetic field which in turn
causes a precession of the orbital plane of an orbiting body in the field of the rotating mass. Thirring
also pointed out that the geodesic equation may be written in terms of a Lorentz force generated by
a gravitoelectric and gravitomagnetic field [12]. However the magnitude of the gravitomagnetic field
in the solar system is too small and therefore the Lense-Thirring effect is not detectable at present.
In the decade of the fifties, an approach for this analogy based on the decomposition of the Weyl
tensor into irreducible and traceless tensors within the framework of the weak approximation of
Einstein’s equations was developed by Matte [13], Bel [14] and Debever [15]. Matte was the first to
obtain a Maxwell-type structure for the linearized general relativity in vacuum. In 1961, Forward
[16] also expressed these linear perturbations in a Maxwell-structure, which splits gravitation into a
gravitoelectric (classical Newtonian gravitation) and a gravitomagnetic field, but within the context
of a vector model. He also proposed experiments to detect gravitomagnetic and non-Newtonian
gravitational fields [17]. Another interesting formalism was made by Scott [18] who introduced a new
theory of gravitation, according to which the gravitational field is of Maxwellian form with potential
and kinetic components analogous to the electric and magnetic components of the electromagnetic
field. This is a Lorentz invariant theory in a flat space-time based on a vector approach. Later,
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Coster and Shepanski [19] introduced an inertial field associated with the particle momentum and
constructed the gravitational field equations in a Maxwellian form by postulating analogous roles for
the field strengths, of the gravitational and gravitomagnetic fields, to the respective field strengths
of the electric and magnetic fields. In 1969, Schwebel proposed a field theory for gravitation within
the framework of the special theory of relativity [20]. This is a vector field theory achieved by
exploiting the similarity in mathematical structure of two relations which are found in both Newton’s
gravitational theory and Maxwell’s electromagnetic theory. These relations are the law of force
between relevant physical quantities (mass and charge) and the equation of continuity (conservation
of charge).
Early in the seventies, Spieweck showed that Newton’s theory of gravitation can be extended by
introducing the “relativistic mass” and by adding a vector potential of gravitation [21]. The resulting
vector theory of gravitation is built up in analogy to the Maxwell theory. Later, a theory for a spin-
two massless-particle field interacting with sources was developed in parallel with Maxwell’s theory
for photons interacting with charges [22]. In this theory, in the spin-two case, there are two tensors
which are symmetric and traceless and of opposite parity. Another vector approach on this analogy
was made by Morgan and Campbell. They developed a Debye-potential formalism for the linear
gravitational fields [23] which are expressed in a Maxwellian form [24] using symmetric and traceless
tensors which are obtained from the Weyl tensor. A different vector field theory of gravitation was
proposed in the frame of which the gravitational field, in analogy to the electromagnetic one, is
characterized by four vector fields Eg,Dg,Bg,Hg and a mass which are purely imaginary quantities
and a positive permitivity [25] or alternatively by real quantities and a negative permitivity [26].
The physical motivation for this vector theory is connected with the modifications of the equations
of the gravitational field in order to explain strange behavior of astrophysical objects occurring
under certain extreme physical conditions such as large mass concentration, large values of kinetical
variables of the moving masses and large gravitational intensity. There could be an impact on
the galactic rotation and acceleration anomalies that have been observed. This formulation has
several interesting astrophysical consequences and applications [25, 27] and has been extended by
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introducing a coupling between the gravitational and electromagnetic fields [28, 29] in different
ways as well as by using more general linear gravitational field equations [29]. These extended
Maxwell-like gravitational field equations and the mentioned coupling have some astrophysical and
cosmological consequences [29]. For the purpose of having a theoretical explanation for several
gravitation experiments, general relativity was described in the framework of the post-Newtonian
approximation. The classic post-Newtonian (PN) [30, 31] and parametrized post-Newtonian (PPN)
[32, 33] expansions of the field equations of general relativity in powers of low velocities demonstrated
the existence of gravitoelectric and gravitomagnetic fields analogous to the electric and magnetic
fields of electromagnetism [34]. This treatment allows applying known results of electromagnetic
theory to the gravitational field with only minor changes. In the PPN expansion there are no known
discrepancies between general relavity and the experimental observations.
During the last twenty years, several formalisms of GEM, including covariant and non-covariant
treatments, have been developed within the framework of general relativity [35] and of the Maxwellian
gravity in Minkowski space-time [36]. As we can notice many formulations of GEM, based on dif-
ferent frameworks, have been proposed. All these formalisms of GEM can be split into two main
groups: vector and tensor formalisms, depending on the background involved in their formulations.
However, recently, another model has been introduced in a different context from all the previously
mentioned ones. This is a Maxwell-like vector model for GEM constructed in the context of quantum
physics in analogy to electromagnetism by using a hyperbolic unitary gauge symmetry [37].
The basic idea in GEM is that the mass produces a gravitoelectric field and the mass current
or moving matter produces a gravitomagnetic field in a similar way to electromagnetism. At this
level the gravitomagnetic field is a consequence of the fact that general relativity is compatible, at
least locally, with Lorentz invariance just as in Maxwell’s theory. In Newtonian gravitation there is
no analogue of the magnetic field. This is due to the fact that, unlike electromagnetism, Newtonian
gravitation is not relativistically invariant. The situation in Einstein’s general theory of relativity is
quite different from the Newtonian case, and quite similar to electromagnetic theory. Thus, static
gravity (gravitoelectric field) or Newtonian gravity plus special relativity implies the phenomenon
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called gravitomagnetism.
In this thesis, I present a tensor approach to GEM within a completely different framework from
all previous formalisms: group theory and the spin of massless particles. Thus, the formulation
presented in this work differs from Einstein’s general relativity and from all the known Maxwell-
like approaches. It seems that this approach is the most natural way to describe linear gravity
since the spin of the graviton gives rise to the field equations of GEM. In this formulation gravity
is described by two tensor fields (gravitoelectromagnetic fields) which are symmetric and traceless
tensors of rank two that satisfy a set of Maxwell-like field equations. The fact that these tensor
fields have more components than the electromagnetic vector fields is directly related with the spin
of massless particles. This is a different explanation from one given within the context of Einstein’s
theory in terms of the energy-momentum tensor which is the source of the gravitational field. One
possible physical interpretation of these gravitoelectromagnetic fields can be given in terms of tidal
accelerations [24].
This thesis is organized as follows: In chapter 2, a review of the vector formulation for GEM
within the framework of general relativity in the weak approximation is presented. In chapter 3, a
new tensor approach based on group theory and spin is developed in detail and the close analogy
between linear gravity and electromagnetism in free space is shown. In chapter 4, sources are
introduced and a nice formalism based on Clebsch-Gordon (C-G) coefficients (see appendix B) is
constructed to obtain the wave equation of a tensor of any rank in a linear theory. In chapter 5,
we present relevant conclusions of our work and some new ideas to be considered in future research.
Finally in the appendix A, we show that our new definition of the curl operator is equivalent to the
standard definition of this operator in R3.
6Chapter 2: GEM: Field Equations and Gravitational Larmor Theorem
In this chapter we present a review of GEM, in the context of the linearized theory of gravity. The
vector formulation for GEM developed here describes the gravitational field by two vectors called
gravitoelectric and gravitomagnetic fields. We also review the gravitational analogue of the Larmor
theorem where the gravitoelectromagnetic fields play an important role.
2.1 Perturbed Linear Approach to GEM
The Einstein field equations which describe the curvature of space-time resulting from the presence
of matter and energy are written in the form
Rµν − 1
2
gµνR =
8πG
c4
Tµν . (2.1)
These equations may be written in a very simple way, which leads straight to the analogy with
Maxwell’s equations, if we consider the so called weak field approximation to general relativity
[30, 33]. The weakness of the gravitational field, in the linear theory of gravity, allows us to treat
the space-time metric gµν as a linear perturbation from the metric of flat space-time
gµν = ηµν + hµν , |hµν | ≪ 1 (2.2)
where ηµν is the flat Minkowski metric with signature +2 and hµν is a small perturbation. The
global background inertial frame where (2.2) holds has coordinates xµ = (x, ct). We define the
trace-reversed quantity h¯µν = hµν − 12ηµνh, where h = ηµνhµν . The gravitational potentials hµν are
in general gauge-dependent. With these considerations, keeping only linear terms and after imposing
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the “Lorentz gauge” condition h¯µν ,ν = 0 , Einstein’s field equations (2.1) take the form [30, 33, 38]
h¯µν = −16πG
c4
Tµν . (2.3)
The field equations (2.3), the “Lorentz gauge” condition and the definition of the metric (2.2)
constitute the fundamental equations of the linearized theory of gravity. The analogy of (2.3) with
the corresponding Maxwell’s equations Aµ = 4πjµ is evident.
The general solution of (2.1) involves a particular solution plus a general solution of the homo-
geneous wave equation which we simply ignore in this work. The particular solution is given by the
special retarded solution
h¯µν(x, t) =
4G
c4
∫
Tµν(ct− |x− x′|,x′)
|x− x′| d
3x′. (2.4)
Let us assume that the source of this weak gravitational field is a rotating astronomical source that
consists of slowly moving matter with |v| ≪ c (non-relavistic source). For this source T 00 = ρgc2,
T 0i = cjig, where ρg is the mass density and jg = ρgv is the mass current density, and |T 00| ≫
|T 0i| ≫ |T ij |.
Let us define the gravitoelectromagnetic potentials: gravitoelectric potential Φg(x, t) and grav-
itomagnetic vector potential Ag(x, t), by
h¯00(x, t) = −4Φg(x, t)
c2
, h¯0i(x, t) =
2Ag i(x, t)
c2
, (2.5)
where
Φg(x, t) = −G
∫
ρg(x
′, t)
|x− x′| d
3x′, Ag(x, t) = −2G
c
∫
jg(x
′, t)
|x− x′|d
3x′. (2.6)
From (2.4): |h¯00| ≫ |h¯0i| ≫ |h¯ij | and h¯ij ∼ 1/c4. We neglect all terms of order c−4 and smaller in
the present work. Then, with these conditions, the metric of the space-time has the following form
gµν = nµν
(
1− 2Φg
c2
)
+ h¯µν , (2.7)
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therefore the line element is
ds2 = −c2
(
1 +
2Φg
c2
)
dt2 +
4
c
(Ag · dx)dt+
(
1− 2Φg
c2
)
δijdx
idxj . (2.8)
Furthermore, the “Lorentz gauge” condition can be written in terms of the gravitoelectromagnetic
potentials
1
c
∂Φg
∂t
+∇ ·
(
1
2
Ag
)
= 0. (2.9)
Comparing (2.9) with the Lorentz gauge condition in electromagnetism
1
c
∂Φ
∂t
+∇ ·A = 0, (2.10)
we can establish a correspondence among the potentials given by Φ→ Φg and A→ 12Ag. We notice
that there is a factor 1/2 which does not appear in standard electromagnetism. It is due to the
fact that classical electromagnetism involves a spin-1 field while the linear approximation of general
relativity involves a spin-2 field.
The gravitoelectric field Eg and gravitomagentic field Bg are defined following the analogy with
electromagnetism by
Eg = −∇Φg − 1
c
∂
∂t
(
1
2
Ag
)
, Bg = ∇×Ag. (2.11)
From (2.3), the definitions (2.11) and the “ Lorentz gauge” condition, we obtain
∇ ·Eg = −4πGρg,
∇×
(
1
2
Bg
)
− 1
c
∂Eg
∂t
= −4πG
c
jg,
∇ · (1
2
Bg) = 0,
∇×Eg + 1
c
∂
∂t
(
1
2
Bg
)
= 0.
(2.12)
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These are the GEM field equations (also called Maxwell-like equations for GEM), that describe the
gravitational field around a rotating source in terms of gravitoelectric and gravitomagnetic fields.
From these field equations, the continuity equation is obtained
∂ρg
∂t
+∇ · jg = 0 (2.13)
as expected.
The equation of motion of a test particle of mass m and velocity v in the gravitoelectromagnetic
field can be obtained from the variational principle, where the Lagrangian for the motion of the test
particle is L = −mcds/dt. By using (2.8), this Lagrangian becomes
L = −mc2
[
1− v
2
c2
− 4
c3
Ag · v + 2
c2
(1 +
v2
c2
)Φg
] 1
2
. (2.14)
To first order in Φ and A, the Lagrangian can be expressed as
L = −mc2
(
1− v
2
c2
) 1
2
+
2m
c
γAg · v −mγ
(
1 +
v2
c2
)
Φg, (2.15)
where γ = 1/
√
1− β2 and β = v/c. Considering the lowest order in v/c and that the gravitoelec-
tromagnetic field of the source is stationary (∂Ag/∂t = 0 and ∂Φg/∂t = 0), the Euler-Lagrange
equation of motion of the test particle is given by
Fg = mEg + 2m
v
c
×Bg (2.16)
which is a form analogous to the Lorentz force law of electromagnetism. The field equations (2.12)
and the equation of motion (2.16) are the basic equations of GEM in close analogy to electromag-
netism. A further discussion on the gauge freedom of potentials and the stress-energy tensor for
GEM can be found in [39].
2.2 Gravitational Larmor Theorem
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In electrodynamics, Larmor established a local equivalence of magnetism and rotation for all charged
particles with the same ratio q/m, known as the Larmor theorem [40]. This theorem, based on the
similarity of the Coriolis force and the magnetic force [41], asserts that a uniform magnetic field
B on a particle of mass m and charge q can be eliminated by going into a system rotating at the
Larmor frequency ωL = qB/2mc. This equivalence is valid only locally such that in the spatial
region under consideration B is essentially uniform. In this way, Larmor’s theorem establishes a
connection between the motion of a particle in a magnetic field observed from an inertial frame and
the motion of the particle in the absence of the field but observed from a rotating frame. Quadratic
terms of the strength of the field are neglected in this local equivalence.
The electromagnetic field on a slowly moving particle of charge q and mass m can be locally
replaced by a system of reference with translational acceleration aL = −qE/m and rotational fre-
quency (Larmor frequency) ωL = qB/2mc. Therefore, for all charged particles with the same q/m,
the electromagnetic forces are locally the same as inertial forces experienced by the particle with
respect to this system of reference with translational and rotational motions. However q/m is not the
same for all charged particles, hence, a geometric theory of electromagnetism analogous to general
relativity is impossible. On the other hand, the equivalence of the gravitational and inertial masses
is universal as it has been well tested experimentally, therefore, the local equivalence of the gravi-
tational force and the translational inertial force is also universal. This is the basis for Einstein’s
principle of equivalence which asserts that a free observer in a gravitational field is locally inertial.
Thus, the universality of the gravitational interaction leads to a geometric theory of gravitation.
To preserve the electromagnetic analogy as much as possible and develop GEM in a direct
correspondence with the standard results of electromagnetism, we use a special convention introduced
by Mashhoon [39, 41]. This convention is based on the Lorentz force law of electromagnetism, which
is expressed by
F = qE+ q
v
c
×B, (2.17)
where the electric charge q of the test particle experiences both the electric and magnetic fields.
The first term of (2.17) expresses the action of the electric field E on the electric charge q. In this
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convention, this electric charge is named qE (qE = q). The second term of (2.17) expresses the action
of the magnetic field B on the electric charge q. In this convention this electric charge is named qB
(qB = q). Thus, in this convention, for the electromagnetic case, qE and qB are associated with the
electric field E and magnetic field B, respectively, that the electric charge q experiences.
For the GEM case, we just follow the same reasoning, except that the Lorentz force law of GEM
is given by (2.16). From this equation, qE and qB, for the case of test particle of mass m in a
gravitoelectric field Eg and gravitomagnetic field Bg, are given by qE = m and qB = 2m.
Now, let us explain the gravitational Larmor theorem [39, 41] by following the analogy to the
electromagnetic case. From the previous section in the linear approximation of general relativity, the
exterior gravitational field of a rotating source can be described in terms of gravitoelectromagnetic
fields. In a sufficiently small neighborhood of the exterior field, the gravitoelectromagnetic fields Eg
and Bg may be considered locally uniform. These fields can be locally replaced by an accelerated
system and the corresponding Larmor quantities would be
aL = −qEEg
m
= −Eg, ωL = qBBg
2mc
=
Bg
c
, (2.18)
in accordance with our convention explained in the previous section. Thus, in this neighborhood,
we can replace the gravitoelectromagnetic fields by a frame in Minkowski space-time that has trans-
lational acceleration aL = −Eg and rotational frequency ωL = Bg/c. As we can see, the analogy
between the magnetic and gravitomagnetic fields leads to the gravitational analogue [39, 41] of
traditional Larmor theorem in which qE = qB = q.
Now, we can summarize the gravitational Larmor theorem as follows: The gravitational Larmor
theorem states that a gravitomagnetic field Bg is locally equivalent to a rotating reference frame with
angular velocity
ωL =
Bg
c
. (2.19)
In this way, the gravitational Larmor theorem extends the classical Einstein’s principle of equiva-
lence to rotating reference frames. Einstein’s principle of equivalence traditionally involves the local
CHAPTER 2. GEM: FIELD EQUATIONS AND GRAVITATIONAL LARMOR THEOREM 12
equivalence of the gravitoelectric field with the translational acceleration of the “Einstein’s eleva-
tor” in Minkowski space-time. However, it follows from the gravitational Larmor theorem that the
interpretation of Einstein’s principle would involve, in addition, the local equivalence of the gravito-
magnetic field with the rotation (Larmor rotation) of the elevator as well. The gravitational Larmor
theorem is essentially Einstein’s principle of equivalence formulated within the GEM context.
Finally, let us obtain the precession frequency ΩP of an ideal gyroscope at rest in a gravitomag-
netic field Bg. Following the analogy to the derivation of precession angular velocity of the magnetic
moment in a magnetic field in classical electrodynamics, we have that ΩP = −ωL = −Bg/c. Let us
demonstrate it now.
In classical electromagnetism, a particle of mass m and charge q has a magnetic dipole moment
µ = qS/2mc where S is its orbital angular momentum. In an external magnetic field B, the magnetic
moment has an interaction energy −µ ·B and precesses due to the torque µ×B. In an analogous
form, extending these ideas to GEM, a gyroscope of spin S has a gravitomagnetic dipole moment
µg = qBS/2mc, with qB = 2m according to our convention. Therefore
µg =
S
c
. (2.20)
The gravitomagnetic field Bg, generated by a slowly rotating source of angular momentum J and
mass M , interacts with the spin S of the gyroscope and produces a torque given by
τ g = µg ×Bg =
S
c
×Bg. (2.21)
The torque is, as usual, given by
dS
dt
= τ g =
S
c
×Bg = −Bg
c
× S = ΩP × S, (2.22)
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where the precession angular velocity of the gyroscope (or of the gravitomagnetic moment) is
ΩP = −Bg
c
(2.23)
as expected. Now, we need to calculate the gravitomagnetic field Bg produced for our source. To
this end, let us consider that our source is stationary and localized in a small region of space. Then,
far from source |x| ≫ |x′| the lowest nonvanishing term in the expansion of Ag given in (2.6) is
Ag(x) = −G
c
J× x
|x|3 . (2.24)
This gravitomagnetic vector potential corresponding to the second term in the expansion, is similar
to the vector potential of the magnetic dipole in classical electrodynamics and we can consider our
source as a gravitomagnetic dipole in this approximation. Therefore, taking the curl of (2.24), the
gravitomagnetic field B produced by our source can be written as a dipolar field
Bg(x) = −G
c
[
3(J · x)x − J|x|2
|x|5
]
. (2.25)
Substituting this last expression in (2.23), the precession frequency becomes
ΩP =
G
c2
[
3(J · x)x − J|x|2
|x|5
]
. (2.26)
Let us summarize what we have done so far. Our source, which is a distribution of slowly rotating
matter, is localized and produces time independent scalar and vector potentials. This source of
massM and angular momentum J produces a gravitomagnetic vector potential and a gravitoelectric
potential. Far from the source, the gravitomagnetic vector potential Ag following the approximation
of the gravitomagnetic dipole is given by (2.24) and consequently the corresponding gravitomagnetic
field Bg is given by (2.25). This gravitomagnetic field is uniform if we consider a small neighborhood
in the exterior region of the source. Since Bg is uniform, the gravitomagnetic moment µg of the
gyroscope precesses around the direction of the gravitomagnetic field with a precession frequency
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ΩP given by (2.26). In this situation the gravitational Larmor theorem can be applied.
The gravitational Larmor theorem and GEM has interesting applications in the study of the
spin-rotation-gravity coupling. For more recent discussions on this topic see the Ref. [42].
15
Chapter 3: GEM: Derivation of the Source-Free Field Equations by
Group Theoretical Methods
We derive source-free Maxwell-like equations in flat space-time for any helicity j by comparing the
transformation properties of the 2(2j+1) states that carry the manifestly covariant representations
of the inhomogeneous Lorentz group with the transformation properties of the two helicity j states
that carry the irreducible representations of this group. The set of constraints so derived involves a
pair of curl equations and a pair of divergence equations. This chapter is based on Ref. [43].
The field equations of the linearized gravity for the Weyl curvature tensor on flat space-time
are well known to be very similar in form to Maxwell’s equations, evoking an analogy referred to
as gravitoelectromagnetism [44]. Both sets of equations can be derived with the same approach
based on eliminating the gauge modes of spin 1 and spin 2 fields using Fourier analysis and group
representation theory. In this way one sees the common origin of the curl and divergence operators
for vector fields and symmetric tracefree second rank tensor fields and their intertwining to form the
Maxwell combinations.
The electromagnetic field is described in two different ways:
(i) Classical Formulation. A field is introduced having appropriate transformation properties.
Not every field represents a physically allowed state. The non-physical fields must be annihilated by
appropiate equations (constraints).
(ii) Hilbert space (Quantum) Formulation. An arbitrary superposition of states in this space
represents a physically allowed state. But that field does not have obvious transformation properties.
For the first formulation the field is required to be “manifestly covariant.” This requires there to
be a certain number of field components at every space-time point, or more conveniently, for every
allowed momentum vector. In the Hilbert space formulation the number of independent components
is just the allowed number of spin or helicity states.
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When the number of independent field components is less than the number of components re-
quired to define the “manifestly covariant” field, there are linear combinations of these components
that cannot represent physically allowed states. The function of the field equations (constraints)
is to suppress these linear combinations of components that do not correspond to physical states.
Maxwell equations and the gravitational radiation equations fulfill this function.
Classically, the electromagnetic field is described by six field components: E(x, t) and B(x, t),
or their components after Fourier transformation, E(k) and B(k), where k is a 4-vector such that
k·k = k·k−k4k4 = 0, where k is a 3-momentum vector and k4 is an energy. The quantum description
involves arbitrary superposition of two helicity components for each momentum vector. Then we have
four linear combinations of classical field components that must be suppressed for each k-vector and
that are annihilated by Maxwell’s equations. By comparing the transformation properties of the basis
vectors for the manifestly covariant but non-unitary representations of the inhomogeneous Lorentz
group, with the basis vectors for its unitary irreducible but not manifestly covariant representations,
we obtain a set of constraint equations. These reduce to the free-field Maxwell equations for j = 1
and to the analogous equations, in free space, coupling the gravitoelectric and gravitomagnetic fields
for j = 2. The last set of equations have a structure identical to Maxwell’s equations. In this way,
we obtain a tensor formulation for GEM where the gravitoelectric and gravitomagnetic fields are
described by symmetric and tracefree tensors of second rank.
The constraint equations play an important role in this derivation since they preserve the physical
states in the theory but annihilate the non-physical ones so that the physics of massless particles
can be described properly.
3.1 Inhomogeneous Lorentz Group (ILG)
The group of inhomogeneous Lorentz transformations has two important subgroups. These are the
subgroup of homogeneous Lorentz transformations and the invariant subgroup of translations.
The homogeneous Lorentz group preserves the invariance of the distance from the origin of coor-
dinates in space-time. This requires that the coordinates (x, y, z, ct) and (x′, y′, z′, ct′) for observers
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in the coordinate systems S and S′ be related by a homogeneous Lorentz transformation


x
y
z
ct


=


Λ




x′
y′
z′
ct′


(3.1)
where Λ is the 4 × 4 homogeneous Lorentz transformation matrix and belongs to the Lie Group
O(3, 1). However, we can express Λ in terms of the infinitesimal generators of the group SO(3, 1)
that is a subgroup of the full homonegeneous Lorentz group O(3, 1) [45, 46]
Λ→ I4 + ǫ(θ · L+ b ·K). (3.2)
The infinitesimal generator G is given by
G = θ · L+ b ·K =


0 θ3 −θ2 −b1
−θ3 0 θ1 −b2
θ2 −θ1 0 −b3
−b1 −b2 −b3 0


, (3.3)
where L is the infinitesimal generator of rotations and K is the infinitesimal generator of boosts.
They satisfy the following commutation relations
[Li, Lj ] = −ǫijkLk, [Li,Kj] = −ǫijkKk, [Ki,Kj ] = ǫijkLk. (3.4)
These relations form the so(3, 1) algebra (Lorentz algebra). This algebra is a manifestation of the
fact that rotations, together with boosts, form a group, the SO(3, 1) group (proper orthocronous
homogeneous Lorentz group or simply Lorentz group).
Pure finite rotations and pure finite boosts are obtained by exponentiating the generators L and
K, respectively, in the following way: eθ·L and eb·K, respectively.
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The subgroup SO(3, 1) is continuously connected to the identity and therefore it has the identity
as one of its elements. Exponentiation of the infinitesimal generators L and K allows us to reach
only group elements in the component of the homogeneous Lorentz group connected to the identity
operation.
Homogeneous Lorentz transformations leave invariant inner products: a · b = Λa · Λb, where a
and b are four-vectors. In this work, the metric tensor of the flat four-dimensional space-time is
ηµν = diag(+1,+1,+1,−1) = ηµν .
The discrete transformations parity P and time reversal T are defined by their action on the
coordinates
P (x, y, z, ct) = (−x,−y,−z, ct), T (x, y, z, ct) = (x, y, z,−ct). (3.5)
The matrix representation of these operators is given by
P =


−1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1


T =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1


. (3.6)
The action of these discrete transformations [47] on the infinitesimal generators L and K is
PLP−1 = L PKP−1 = −K,
TLT−1 = L TKT−1 = −K.
(3.7)
These discrete operators form a invariant subgroup of O(3, 1) called the discrete group
{I4, P, T, PT }, (3.8)
and act as coset representatives for the quotient group O(3, 1)/SO(3, 1).
The full homogeneous Lorentz group O(3, 1) can be written as the semidirect product of one
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element of the discrete group and the group SO(3, 1)
O(3, 1) = {I4, P, T, PT } ⊗ SO(3, 1). (3.9)
The ILG leaves invariant the intervals in space-time. The inhomogeneous Lorentz transformations
consists of homogeneous Lorentz transformations, Λ, together with displacements a of the origin.
The general group transformation can be written as 5× 5 matrix
{Λ, a} =


a1
Λ a2
a3
a4
0 0 0 0 1


. (3.10)
The group multiplication law is matrix multiplication. This matrix satisfies the following properties
{Λ2, a2}{Λ1, a1} = {Λ2Λ1, a2 + Λ2a1}
{Λ, a} = {I, a}{Λ, 0} = {Λ, 0}{I,Λ−1a}. (3.11)
The inhomogeneous Lorentz group is the semidirect product of the homogeneous Lorentz group and
the invariant group of translations of the origin of coordinates in space-time.
3.2 Representations of the Subgroups of ILG
Let us study the representations of the two important subgroups of the ILG. These subgroups are
the homogeneous Lorentz transformations {Λ, 0} and the invariant subgroup of translations {I, a}.
Their representations play an important role in the derivation of the relativistically covariant field
equations.
3.2.1 Translations {I, a}
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The translation subgroup is commutative. All of its unitary irreducible representations are one-
dimensional [45], and in fact
Γk({I, a}) = eik·a, (3.12)
where k is a 4-vector that parameterizes the one-dimensional representations. We define a basis
state for the one-dimensional representation of the translations subgroup as |k〉
{I, a}|k〉 = eik·a|k〉 (3.13)
Physically, k (more precisely ~k) has a natural interpretation as the 4-momentum of the photon.
3.2.2 Homogeneous Lorentz Group {Λ, 0}
The infinitesimal generators L and K of SO(3, 1) satisfy the commutations relations (3.4). From
these relations we find that boosts (also called pure Lorentz transformations) do not form a group,
since the generators K do not form a closed algebra under commutation. This means that the
composition of some arbitrary boosts gives in general a boost plus rotation. The commutation
relations (3.4) can be decoupled by defining linear combinations of the infinitesimal generators L
and K that are mutually commuting. These linear combinations are [48]
J(1) =
1
2
(−iL−K), J(2) = 1
2
(−iL+K) (3.14)
and each one satisfies the rotation algebra o(3) defined by the angular momentum commutation
relations
[J
(1)
i ,J
(1)
j ] = iǫijkJ
(1)
k , [J
(2)
i ,J
(2)
j ] = iǫijkJ
(2)
k , [J
(1)
i ,J
(2)
j ] = 0. (3.15)
In this way we see that the Lorentz algebra (so(3, 1) algebra) can be split into two “rotation”
invariant subalgebras. This shows that J(1) and J(2) each generate a group SU(2), and the two
groups commute. The representations Dj corresponding to the subalgebra J(1) has dimension 2j+1
while the representations Dj
′
of the subalgebra J(2) has dimension 2j′ + 1.
The Lorentz group SO(3, 1) is then essentially SU(2)⊗ SU(2) and its representations are given
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by Djj
′
[49], the first superindex j corresponding to J(1), and the second one j′ to J(2). The
total spin of the representation is j + j′. Any element in the Lorentz group can be expressed in a
(2j + 1)(2j′ + 1)-dimensional representation Djj
′
as follows
Djj
′
(Λ) = exp(θ · L+ b ·K), (3.16)
using (3.14) we obtain
Djj
′
(Λ) = exp[(iθ − b) · J(1) + (iθ + b) · J(2)],
Djj
′
(Λ) = Dj [(iθ − b) · J(1)]Dj′ [iθ + b) · J(2)]. (3.17)
Analogous to the correspondence between SU(2) and the rotation group O(3), there is a correspon-
dence between SL(2, C) and SO(3, 1) (Lorentz group) [49]. The algebra so(3, 1) is isomorphic to
the algebra of the 2× 2 matrices of sl(2, C). We have the following two isomorphisms:
(1) (2)
J(1) = −iL J(1) = 0
J(2) = 0 J(2) = −iL
L = −iK L = iK
J(j) → Dj0 0
0 J(j
′) → D0j′
(3.18)
This is the case of arbitrary j (integer or half integer) and the two representations Dj0 and D0j
′
are
inequivalents [49]. The (2j + 1)-dimensional angular momentum matrices J(j) obey the standard
angular momentum commutation relations
[J
(j)
i , J
(j)
j ] = iǫijkJ
(j)
k . (3.19)
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For j = 1/2 and taking into account that for an SU(2) rotation L = iσ/2, we have
(1) (2)
J(1) = 12σ J
(1) = 0
J(2) = 0 J(2) = 12σ
L = i2σ L =
i
2σ
K = − 12σ K = 12σ
J(
1
2 ) → D 120 0
0 J(
1
2 ) → D0 12
(3.20)
where the matrices σ are the well-known Pauli matrices.
The action of the discrete transformations P and T on the generators J(1) and J(2) is
PJ(1)P−1 = J(2) PJ(2)P−1 = J(1),
TJ(1)T−1 = −J(1) TJ(2)T−1 = −J(2).
(3.21)
As we mentioned, the representations of SO(3, 1) group are described by two angular momentum
indices j and j′ and one index describes each of the two representations J(1) and J(2) respectively.
Therefore, the representations of this group can be written as
Djj
′
(Λ) = Djj
′
(θ · L+ b ·K) = Dj0(θ · L+ b ·K)D0j′(θ · L+ b ·K). (3.22)
The representation Dj0 is obtained from the first mapping given in (3.18), replacing the matrices
J(1) by the appropiate (2j+1)× (2j+1) matrices J(j) and the representation D0j′ is obtained from
the second map in (3.18), replacing the matrices J(2) by the appropriate (2j′+1)×(2j′+1) matrices
J(j
′), yielding
Dj0(θ · L+ b ·K) = exp[(iθ − b) · J(j)],
D0j
′
(θ · L+ b ·K) = exp[(iθ + b) · J(j′)]. (3.23)
CHAPTER 3. GEM:DERIVATION OF SOURCE-FREE EQUATIONS BY GROUP.... 23
Then, the most general representation of SO(3, 1) is
Djj
′
(Λ) = Djj
′
(θ · L+ b ·K) = exp[(iθ − b) · J(j)] exp[(iθ + b) · J(j′)]. (3.24)
Let | j j′
m m′
〉 be the basis state of the representation Djj′ . The action of Λ (Lorentz Group) on
this basis through Djj
′
can be expressed by
Λ |
j j′
m m′
〉 =|
j j′
l l′
〉Djj′ll′,mm′(Λ), (3.25)
where
Djj
′
ll′,mm′(Λ) = 〈
j j′
l l′
| Λ |
j j′
m m′
〉. (3.26)
Finally, we show the representations of the full homogeneous Lorentz group O(3, 1). We saw in
(3.21) that the discrete operators P and T interchange the generators J(1) and J(2). As a result, the
matrices Djj
′
= Dj0 ⊗ D0j′ can represent the proper orthochronous homogeneous Lorentz group
SO(3, 1), but cannot represent the full homogeneous Lorentz group O(3, 1) unless j = j′ [45]. If
j 6= j′ the matrix representation of the full group consists of the direct sum of the two matrix
representations Djj
′ ⊕Dj′j where Djj′ = Dj0 ⊗D0j′ .
We are particularly interested in describing massless particles with helicity j integer, in terms of
the representations Dj0⊕D0j or D j2 j2 = D j20⊗D0 j2 [45, 46]. The former class of representations act
on states (fields) with 2(2j +1) components while the latter act on states (potentials) with (j +1)2
components. Thus, for the photon with helicity j = 1 there are six components which are the three
components of the electric field and the magnetic field, E and B, and four components of the vector
potential Aµ, respectively. For the graviton with helicity j = 2 there are 10 components which are
the five components of the field QE and the field QB that describe the gravitational field, and nine
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components of the gravitational potential hµν , respectively. These observations are summarized:
Particle Photon Graviton
j 1 2
Dj0 ⊕D0j E, B QE , QB
D
j
20 ⊗D0 j2 Aµ hµν
For the photon, the description of the electromagnetic field is in terms of the fields E, B which carry
the representation Dj0 ⊕D0j with j = 1, or in terms of the vector potential Aµ, which carries the
representation D
j
2
j
2 , also with j = 1. The fields E, B are tracefree dipole fields.
For the graviton, the description of the gravitational field is in terms of the fields QE , QB which
carry the representation Dj0 ⊕D0j with j = 2, or in terms of the linear metric perturbation hµν ,
which is a symmetric tensor representing the gravitational potential and carries the representation
D
j
2
j
2 , also with j = 2. This linear perturbation hµν is a real symmetric 4× 4 matrix, so nominally
has 10 components. However, due to the constraint that comes from det(gµν) = −1 the number
of independent components of hµν reduces to 9. The fields QE , QB are symmetric and tracefree
quadrupole fields.
3.3 Representations of ILG
We construct two kinds of representations for the ILG. These are the manifestly covariant represen-
tations and the unitary irreducible representations [50].
3.3.1 Manifestly Covariant Representations
A tensor field Tµν is said to be manifestly covariant under transformations of the homogeneous
Lorentz group Λ ∈ SO(3, 1) if
T ′αβ = Λ
µ
αΛ
ν
βTµν . (3.27)
That is, the field components obviously form a basis on which the Lorentz transformation acts.
The point at which the transformation acts is fixed, but since the coordinate system changes, the
coordinates of the fixed point are changed x′ = xΛ−1.
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In a similar way, we construct manifestly covariant representations of the ILG by constructing
basis vectors on which the inhomogeneous Lorentz transformations will act.
To this end, we construct direct products of the basis vector |k〉, which is the basis vector for the
1-dimensional representation Γk of the translation subgroup {I, a} and the basis vector |
j j′
m m′
〉,
which is the basis vector for the representation Djj
′
of the homogeneous Lorentz subgroup {Λ, 0}.
Thus, we have
|k〉⊗ |
j j′
m m′
〉 = |k〉 |
j j′
m m′
〉, (3.28)
for the subgroups of the ILG.
The action of the inhomogeneous Lorentz group on these direct product bases is defined by the
action of the two subgroups, the homogeneous Lorentz transformations and translations, on the
momentum basis states |k〉 and field component basis states |
j j′
m m′
〉 separately.
• The action of the {I, a} on these basis states is defined by
{I, a}|k〉 = |k〉eik·a, (3.29)
{I, a} |
j j′
m m′
〉 = |
j j′
l l′
〉δmm′,ll′ (3.30)
• The action of {Λ, 0} on the momentum basis states is obtained by using (3.11), (3.29) and the
invariance of inner products under homogeneous Lorentz transformation k · a = Λk · Λa,
{I, a}{Λ, 0}|k〉 = [{Λ, 0}|k〉]eΛk·a = |Λk〉eΛk·a
therefore
{Λ, 0}|k〉 = |Λk〉. (3.31)
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From (3.25), the action of {Λ, 0} on the field component basis states is
{Λ, 0} |
j j′
m m′
〉 =|
j j′
l l′
〉Djj′mm′,ll′(Λ). (3.32)
If the vector space that carries a manisfestly covariant representation of the homogeneous Lorentz
group has the basis states (3.28), then all states of the form |Λk〉 |
j j′
l l′
〉 are also present in the
underlying vector space.
3.3.2 Unitary Irreducible Representations
Let us suppose we have a representation of ILG, {Λ, a}, that is unitary and irreducible. We define
a basis state for this representation as |k, ξ〉, where ξ is a helicity index that distinguishes different
states with the same 4-momentum. For the translation subgroup {I, a}, this representation reduces
to a direct sum of one-dimensional irreducibles Γ({I, a}).
The action of the subgroup {I, a} on these basis states is given by
{I, a}|k, ξ〉 = |k, ξ〉eik·a. (3.33)
The action of the subgroup {Λ, 0}, by using (3.11), (3.33) and the invariance of inner products, on
the basis states|k, ξ〉 can be expressed by
{I, a}{Λ, 0}|k, ξ〉 = [{Λ, 0}]|k, ξ〉eiΛk·a,
therefore
{Λ, 0}|k, ξ〉 = |Λk, ξ′〉Mξ′ξ(Λ), (3.34)
where the matrix Mξ′ξ(Λ) remains to be determined. It shows that if k parameterizes a state in an
irreducible representation of the inhomogeneous Lorentz group, then the states k′ = Λk are present
also.
To construct M(Λ), we choose one particular 4-vector k0 for each of the possible cases
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(i). k · k > 0, k0 = (0, 0, 1, 0)
(ii). k · k = 0, k 6= 0 k0 = (0, 0, 1, 1); (k0 = (0, 0, 1,−1) = T (0, 0, 1, 1))
(iii). k · k < 0, k0 = (0, 0, 0, 1); (k0 = (0, 0, 0,−1) = T (0, 0, 0, 1))
(iv). k · k = 0, k = 0 k0 = (0, 0, 0, 0), where T is the time reversal operator. The 4-vector k0
is called the little vector [51].
In the present work, we are interesed only in zero mass particles which correspond to the case
(ii). From now on, we will only focus on this case.
The effect of a homogeneous Lorentz transformation on the state |k0, ξ〉 can be determined by
writing the matrix Λ as a product of two group operations
Λ = CkHk0 , (3.35)
where Hk0 is the little group [50-52](stability group) of the little vector and Ck is a coset represen-
tative [53]. Their action on the little vector k0 is given by
Hk0k
0 = k0, Ckk
0 = k, (3.36)
so that Λk0 = k.
We define Hk0 , near the identity, in terms of the generators of the group SO(3, 1) by
Hk0 = I4 + αG, (3.37)
the generator G is given by (3.3). According to (3.36), an arbitrary element of this Lie subgroup
Hk0 acting on k
0 must leave k0 invariant, therefore
Gk0 = 0. (3.38)
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Using (3.3) in (3.38), the subalgebra of the little group Hk0 (stability subalgebra) is defined by
b1 = −θ2, b2 = −θ1, b3 = 0. (3.39)
Consequently, the generator G in this subalgebra becomes
G = GH = θ1Y1 + θ2Y2 + θ3Y3 (3.40)
where
Y1 = L1 +K2, Y2 = L2 −K1, Y3 = L3, (3.41)
and where the generators L1, L2, L3 andK1, K2 are obtained from (3.3). The generators Yi (i=1,2,3)
obey the following commutation relations
[Y3, Y1] = −Y2, [Y3, Y2] = Y1, [Y1, Y2] = 0. (3.42)
These are the commutation relations for the group ISO(2), which is the group of the inhomogeneous
motions of the Euclidean plane R2 [47, 49]. This group consists of rotations by an angle in the plane
and translations by a vector. Using the little vector k0 = (0, 0, 1,−1) = T (0, 0, 1, 1), the infinitesimal
generators Yi would be Y1 = L1 −K2, Y2 = L2 +K1, Y3 = L3. Thus, for our case, we conclude
that the little group Hk0 of the little vector k
0 is the ISO(2) and a general element of this little
group is given by
Hk0 = exp(GH) = exp(θ1Y1 + θ2Y2 + θ3Y3). (3.43)
In a similar way to (3.34), the action of this little group on the subspace of states |k0, ξ〉 is
Hk0 |k0, ξ〉 = |Hk0k0, ξ′〉Dξ′ξ(Hk0) = |k0, ξ′〉Dξ′ξ(Hk0). (3.44)
where Dξ′ξ(Hk0) is the representation of the little group Hk0 , in our case ISO(2).
The representation of the ILG is unitary and irreducible if and only if the representationDξ′ξ(Hk0 )
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is unitary and irreducible. The unitary irreducible representations Dξ′ξ(Hk0 ) of ISO(2) are con-
structed following the method we are using to study the unitary irreducible representations of the
ILG: the method of little group.
Since ISO(2) has a two-dimensional translation invariant subgroup, basis states in a unitary
irreducible representation can be labeled by a vector κ = (κ1, κ2) in a two-dimensional Euclidean
space, κ ∈ R2 and κ · κ ≥ 0. If a state |κ〉 is one such representation, so are all states |κ′〉 for which
κ · κ = κ′ · κ′. That is, the vector κ′ = (κ′1, κ′2) is related to κ = (κ1, κ2) by a rotation κ′ = R(θ)κ.
The invariant length κ · κ parameterizes the representation. We have two cases
(i) κ · κ > 0 (ii) κ · κ = 0. (3.45)
There are two problems with the first case. First, κ2 is a continuous quantum number, and there are
no known particles with a continuous spin index. Second, if κ2 > 0 there must be an infinite number
of states with the same continuous index , for each 4-momentum value. Therefore, physically, we
require the second case κ = (κ1, κ2) = 0, [50-52]. With this, the translation parameters of ISO(2)
are b1 = b2 = 0, consequently θ1 = θ2 = 0. Therefore, with (3.41) and L = iJ
(j) the equation (3.43)
becomes
Hk0 = exp(θ3Y3) = exp(θ3L3) = exp(iθ3J3), (3.46)
where J3 = J
(j)
3 is the angular momentum generator around the axis z and is a (2j+1)-dimensional
diagonal matrix with elements 〈
j
m′
| J3 |
j
m
〉 = mδm′m. Applying (3.46) on the basis state |k0, ξ〉
according to (3.44), we obtain
Hk0 |k0, ξ〉 = |k0, ξ′〉Dξ′ξ(Hk0 ) = |k0, ξ〉eiξθ3δξ′ξ. (3.47)
Hence the physically allowable representations Dξ′ξ(Hk0 ) of the little group is
Dξ′ξ(Hk0 ) = e
iξθ3δξ′ξ, (3.48)
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where −j ≤ ξ ≤ j and is integer or half-integer.
The coset representative Ck permute the 4-vector subspaces
Ck|k0, ξ〉 = |k, ξ〉. (3.49)
The action of an arbitrary element of the ILG on any state |k, ξ〉 in this Hilbert space is
{Λ, a}|k, ξ〉 = {Λ, 0}{I,Λ−1a}|k, ξ〉 = {Λ, 0}|k, ξ〉eik·Λ−1a, (3.50)
with (3.49)
{Λ, a}|k, ξ〉 = {Λ, 0}Ck|k0, ξ〉eiΛk·a = {ΛCk, 0}|k0, ξ〉eiΛk·a. (3.51)
Let us suppose that we have Λk = k′. By using (3.36), it becomes
ΛCkk
0 = Ck′k
0 = Ck′Hk0k
0, (3.52)
hence
ΛCk = Ck′Hk0 . (3.53)
Substituting (3.53) in (3.51), we obtain
{Λ, a}|k, ξ〉 = {Ck′Hk0 , 0}|k0, ξ〉eiΛk·a. (3.54)
By using (3.47) and (3.49), we have
{Λ, a}|k, ξ〉 = |k′, ξ〉eiξΘeiΛk·a (3.55)
where Θ is the angle of rotation in the two-dimensional Euclidean plane and in general Hk0 becomes
C−1k′ ΛCk = Hk0 = exp(ΘY3 + θ1Y1 + θ2Y2) (3.56)
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For the case a = 0
{Λ, 0}|k, ξ〉 = |k′, ξ〉eiξΘ. (3.57)
Comparing with (3.34), the matrix Mξ′ξ(Λ) becomes
Mξ′ξ(Λ) = e
iξΘδξ′ξ (3.58)
3.4 Transformation Properties
As we can see, we have two ways of describing a massless particle. First, we have a vector space
that carries a manifestly covariant representation of a massless particle with transformation indices
(j, j′) and contains all states of the form
|k〉 |
j j′
m m′
〉, k = Λk0, k0 = (0, 0, 1,±1). (3.59)
Second, we have a Hilbert space that carries a unitary irreducible representation of a massless particle
with helicity ξ and contains all states of the form
|k, ξ〉, k = Λk0, k0 = (0, 0, 1,±1). (3.60)
To compare these two ways we compare their transformation properties on their basis states.
1. Manifestly Covariant Representation. Basis state:|k0〉 |
j j′
m m′
〉
The action of {Hk0 , 0} on this basis state is defined by
{Hk0 , 0}|k0〉 |
j j′
m m′
〉 = |k0〉 |
j j′
l l′
〉Djj′ll′,mm′(Hk0 ). (3.61)
The direct product representation Djj
′
(H0k) has the following form for j
′ = 0
Dj0(Hk0 ) = exp(θ1Y1 + θ2Y2 + θ3Y3) = exp[θ1(L1 +K2) + θ2(L2 −K1) + θ3L3], (3.62)
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from (3.18) we obtain L = iJ(j) and K = −J(j). Substituting in (3.62)
Dj0(Hk0) = exp[iθ3J
(j)
3 + θ1(iJ
(j)
1 − J (j)2 ) + θ2(iJ (j)2 + J (j)1 )],
= exp[iθ3J
(j)
3 + i(θ1 − iθ2)(J (j)1 + iJ (j)2 )],
= exp(iθ3J
(j)
3 + iθ−J
(j)
+ ),
Dj0(Hk0) =


eijθ3 ∗ ∗ ∗
ei(j−1)θ3 ∗ ∗
© . . . ∗
e−ijθ3


. (3.63)
Similarly, for j = 0, and with L = iJ(j
′) and K = J(j
′)
Doj
′
(Hk0) = exp[iθ3J
(j′)
3 + θ1(iJ
(j′)
1 + J
(j′)
2 ) + θ2(iJ
(j′)
2 − J (j
′)
1 )],
= exp[iθ3J
(j′)
3 + i(θ1 + iθ2)(J
(j′)
1 − iJ (j
′)
2 )],
= exp(iθ3J
(j)
3 + iθ+J
(j)
− ),
Dj0(Hk0) =


eij
′θ3 ©
∗ ei(j′−1)θ3
∗ ∗ . . .
∗ ∗ ∗ e−ij′θ3


. (3.64)
According to these cases, let us determine the corresponding basis states.
If j′ = 0, thenm′ = l′ = 0. Let us consider a particular basis state by choosingm = l = j = ξ > 0.
With these considerations we have only one basis state |k0〉 |
j 0
j 0
〉. Therefore, using (3.63) the
action of Hk0 on this basis state is given by
{Hk0 , 0}|k0〉 |
j 0
j 0
〉 = |k0〉 |
j 0
j 0
〉eiξθ3 . (3.65)
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If j = 0, then m = l = 0. By choosing −m′ = j′ = −ξ, ξ < 0, we have a particular basis state
|k0〉 |
0 j′
0 −j′
〉. Therefore, using (3.64) the action of Hk0 on this basis state is given by
{Hk0 , 0}|k0〉 |
0 j′
0 −j′
〉 = |k0〉 |
0 j
0 −j′
〉eiξθ3 . (3.66)
2. Unitary Irreducible Representation. Basis state:|k0, ξ〉
The action of {Hk0 , 0} on this basis state is defined by
{Hk0 , 0}|k0, ξ〉 = |k0, ξ〉eiξΘ (3.67)
where Hk0 = exp(ΘY3 + θ1Y1 + θ2Y2).
By comparing (3.65), (3.66) and (3.67) we arrive at the following conclusions
(i) The state |k0〉 |
j 0
j 0
〉 of the vector space, that carries a manifestly covariant representation
of a massless particle, transforms identically to the state |k0, ξ〉 of the Hilbert space that carries a
unitary irreducible representation of a massless particle, if ξ > 0 and j = ξ.
(ii) The state |k0〉 |
0 j′
0 −j′
〉 of the vector space, that carries a manifestly covariant representa-
tion of a massless particle, transforms identically to the state |k0, ξ〉 of the Hilbert space that carries
a unitary irreducible representation of a massless particle, if ξ < 0 and j = −ξ.
According to these conclusions, the state |k0〉 |
j 0
j 0
〉 is the only one physical state in the
manifestly covariant representation, with ξ > 0, j = ξ. The remaining states in this representation
are superfluous states also called non-physical ones. The same argument is valid for ξ < 0, j′ = −ξ.
Let us now construct a set of equations so that only the physical states be present in our treat-
ment.
To this end, let us expand any physical state |ψ〉 in terms of either the basis state (helicity states)
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|k, ξ〉 or the direct product states |k〉 |
j j′
m m′
〉
|ψ〉 =
∑
k,ξ
|k, ξ〉〈k, ξ|ψ|〉,
|ψ〉 =
∑
k,mm′
|k〉 |
j j′
m m′
〉〈k,
j j′
m m′
|ψ〉.
In both cases the sum extends over all k vectors for which Λk · Λk = 0, k 6= 0. In the first case
the sum extends over the appropriate helicity ξ (ξ = ±1 for photons). In the second case the sum
extends over the appropiate values of m,m′: −j ≤ m ≤ j and −j′ ≤ m′ ≤ j′.
We discuss the positive helicity state ξ = j > 0. For a particular value k = k0, the ampli-
tude 〈k0, j|ψ〉 of the state |k0, j〉 in any physical state |ψ〉 may be arbitrary. But, the amplitude
〈k0,
j 0
j 0
|ψ〉 of the state |k0〉 |
j 0
j 0
〉 in any physical state |ψ〉 is the same.
According to (i), (ii), the amplitudes 〈k0,
j 0
m 0
|ψ〉 of the states |k0〉 |
j 0
m 0
〉, with m 6= j,
must all vanish because they are all non-physical states. They are allowed in the manifestly covariant
representation but not present in the Hilbert space that carries the unitary irreducible representation.
We want to find an equation which allows us to enforce this condition on these non-physical
amplitudes. We know that: J3|j; ξ〉 = ξ|j, ξ〉, with −j ≤ ξ ≤ j. Let us construct the following
matrix J
(j)
3 − jI2j+1, which is a diagonal matrix and the first element of the diagonal is zero.
That corresponds to the state with ξ = j and positive helicity. Now, we define a 4-vector J =
(J
(j)
1 , J
(j)
2 , J
(j)
3 , jI2j+1) and with k
0 = (k01 , k
0
2 , k
0
3 , k
0
4) = (0, 0, 1, 1) we obtain the dot product J · k =
k03(J
(j)
3 − jI2j+1). The matrix J (j)3 − jI2j+1 is very useful to eliminate all non-physical states and
keep only the physical ones. A simple linear way to enforce this on the non-physical amplitudes is
to require
k03(J
(j)
3 − jI2j+1)〈k0,
j 0
m 0
|ψ〉 = 0 (3.68)
CHAPTER 3. GEM:DERIVATION OF SOURCE-FREE EQUATIONS BY GROUP.... 35
with −j ≤ m ≤ j. The matrix to the left side of (3.68) is diagonal and the elements of this are
(j − j)k03〈k0,
j 0
j 0
|ψ〉 = 0 −→ 〈k0,
j 0
j 0
|ψ〉 6= 0
(m− j)〈k0,
j 0
m 0
|ψ〉 = 0 m 6= j −→ 〈k0,
j 0
m 0
|ψ〉 = 0.
With this, the non-physical amplitudes 〈k0,
j 0
m 0
|ψ〉 with m 6= j are absent in our description.
By a similar argument for negative helicity ξ = −j < 0, we obtain
k03(J
(j)
3 + jI2j+1)〈k0,
0 j′
0 m′
|ψ〉 = 0 (3.69)
3. For any 4-vector k.
Until now, we have used only a particular 4-vector k0 in our treatment. Now, we will generalize
it for a general 4-vector k.
The coset representative Ck maps |k0, ξ〉 into Ck|k0, ξ〉 = |k, ξ〉 and the subspace |k0〉 |
j j′
m m′
〉
into
Ck|k0〉 |
j j′
m m′
〉 = |k〉 |
j j′
l l′
〉Djj′ll′,mm′(Ck). (3.70)
Using Ckk
0 = k, the condition on the amplitude 〈k,
j j′
m m′
|ψ〉 in the subspace |k〉 is related to
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the conditions (3.68) and (3.69) in the subspace |k0〉 by a similarity transformation
|k0〉 → M jj′ (k0)〈k0,
j j′
m m′
|ψ〉 = 0, (3.71)
|k〉 → CkM jj
′
(k0)C−1k 〈k,
j j′
m m′
|ψ〉 = 0, (3.72)
where, for positive helicity ξ = j, (j′ = 0), the matrix M jj
′
(k0) =M j0(k0) = k03(J
(j)
3 − jI2j+1).
We can consider Ck as the product of a boost in the z direction
Bz(k4)k
0 = Bz(k4)(0, 0, 1, 1) = (0, 0, k4, k4) (3.73)
followed by a rotation
R(k)(0, 0, k4, k4) = (k1, k2, k3, k4) = k, (3.74)
where k2 = k24 = k
2
1 + k
2
2 + k
2
3 . Hence Ck can be written as
Ck = R(k)Bz(k4) −→ Ckk0 = R(k)Bz(k4)k0 = k. (3.75)
For positive helicity ξ = j (j′ = 0), substituting Ck in (3.72), the similarity transformations becomes
R(k)Bz(k4)
{
J
(j)
3 − jI2j+1
}
B−1z (k4)R
−1(k)〈k,
j 0
m 0
|ψ〉 = 0, (3.76)
which, for arbitrary j, yields the following constraint equation
{
J(j) · k− jk4I2j+1)
}
〈k,
j 0
m 0
|ψ〉 = 0. (3.77)
where J(j) = (J
(j)
1 , J
(j)
2 , J
(j)
3 ) are the three (2j + 1) × (2j + 1) matrices of the angular momentum
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operator in the standard angular momentum basis or spherical basis.
For negative helicity, following a similar argument the constraint equation becomes
{
J(j) · k+ jk4I2j+1
}
〈k,
0 j
0 m′
|ψ〉 = 0. (3.78)
In conclusion, the constraint equation (3.77) or (3.78) eliminates all non-physical amplitudes and
keeps only the physical states in our theory. This constraint equation is very important to obtain
the field equations of massless particles.
3.5 The Constraint Equation
The constraint equation is conveniently expressed in the coordinate rather than the momentum
representation k, by inverting the original Fourier transform that brought us from the coordinate to
the momentum representation.
Since eik·x = eikµx
µ
= ei(k·x−k4ct), we can replace k → 1
i
∇ and k4 → − 1i 1c ∂∂t . The Fourier
inversion is explicitly
〈k|x〉
{
J(j) · 1
i
∇+ j 1
i
∂
∂(ct)
I2j+1
}
〈x|k〉〈k,
j 0
m 0
|ψ〉 = 0. (3.79)
The change of basis 〈k|x〉 is removed to obtain
{
J(j) · ∇+ j ∂
∂(ct)
I2j+1
}
〈x|k〉〈k,
j 0
m 0
|ψ〉 = 0, (3.80)
where J(j) = (J
(j)
1 , J
(j)
2 , J
(j)
3 ) are the three (2j + 1) × (2j + 1) matrices of the angular momentum
operator in the standard angular momentum basis or spherical basis. We define complex spherical
fields
ψjm(x) = 〈x|k〉〈k,
j 0
m 0
|ψ〉 = T (j)E (x) + iT (j)B (x), (3.81)
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where −j ≤ m ≤ j; x = (x, ct) and T (j)E and T (j)B are a spherical tensor and a pseudo-tensor,
respectively, of rank j with 2j + 1 components each. Thus, in coordinate space, the constraint
equation becomes {
J(j) · ∇+ j ∂
∂(ct)
I2j+1
}(
T
(j)
E + iT
(j)
B
)
= 0. (3.82)
However, we can write the constraint equation (3.82) in an appropiate form so that we can define
the curl operator in a new way : curl = 1
i
J
(j)·∇
j
, which is equivalent to the standard definition of
the curl operator in three dimensions (see appendix A). With this definition (3.82) becomes
{
curl− i
c
∂
∂t
I2j+1
}(
T
(j)
E + iT
(j)
B
)
= 0. (3.83)
Finally, we take the real and imaginary parts of this equation and obtain
curl T
(j)
E +
1
c
∂
∂t
T
(j)
B = 0,
curl T
(j)
B −
1
c
∂
∂t
T
(j)
E = 0, (3.84)
which has a form analogous to Maxwell’s curl equations. These equations tell us that zero mass
particles with helicity j can be described, at least in free space, by a pair of real coupled, interacting,
oscillating spherical tensor fields with (2j + 1) components each.
3.5.1 Symmetries of the Spherical Tensor Fields
For integer j, the fields T
(j)
E and T
(j)
B are spherical rank-j tensor and pseudo-tensor fields, respec-
tively. They transform under D(j)(SO(3)) of the proper rotation group SO(3), and each has (2j+1)
components. Their transformation properties under the discrete group operations P and T are sum-
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marized in this table:
Discrete T
(j)
E T
(j)
B
Operation
P (−)j −(−)j
T −(−)j (−)j
Under these transformation properties, the constraint equations are invariant under the subgroup
of discrete operations: {I, P, T, PT}.
3.6 The Source Free Equations
The constraint equations (3.80) or (3.84) describe the source-free Maxwell equations for j = 1 and
the gravitational radiation equations for j = 2 in the weak field approximation. We exhibit these
equations below.
3.6.1 Maxwell’s Equations
For j = 1, equation (3.80) becomes
{
J(1) · ∇+ ∂
∂(ct)
I3
}
〈x|k〉〈k,
1 0
m 0
|ψ〉 = 0, (3.85)
where m = 1, 0,−1 and J(1) = (J (1)1 , J (1)2 , J (1)3 ) = (J1, J2, J3) are 3 × 3 matrices in the basis
|
1 0
1 0
〉 =| 1, 1〉, |
1 0
0 0
〉 =| 1, 0〉, |
1 0
−1 0
〉 =| 1,−1〉 and are given by
J1 =


0 1√
2
0
1√
2
0 1√
2
0 1√
2
0

 , J2 =


0 − i√
2
0
i√
2
0 − i√
2
0 i√
2
0

 , J3 =


1 0 0
0 0 0
0 0 −1

 . (3.86)
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The complex spherical fields
m = 1 → ψ11(x) = ψ1(x) = 〈x|k〉〈k,
1 0
1 0
|ψ〉, (3.87)
m = 0 → ψ10(x) = ψ0(x) = 〈x|k〉〈k,
1 0
0 0
|ψ〉, (3.88)
m = −1 → ψ1−1(x) = ψ−1(x) = 〈x|k〉〈k,
1 0
−1 0
|ψ〉, (3.89)
represent the component of the physical state ψ in the spherical basis |1, 1〉, |1, 0〉, |1,−1〉 in the
coordinate representation x, respectively.
Let us use Cartesian coordinates and write equation (3.85) in these coordinates. According to
the theory of harmonic functions [54, 55, 56] the transformation matrix from the spherical basis
|1, 1〉, |1, 0〉, |1,−1〉 to the basis functions x, y, z (Cartesian coordinates) of a 3-dimensional function
space , is
S =


− 1√
2
0 1√
2
− i√
2
0 − i√
2
0 1 0

 . (3.90)
CHAPTER 3. GEM:DERIVATION OF SOURCE-FREE EQUATIONS BY GROUP.... 41
By using the similarity transformation, the matrices of (3.86) in Cartesian coordinates are
SJ1S
−1 = Jx =


0 0 0
0 0 −i
0 i 0

 , (3.91)
SJ2S
−1 = Jy =


0 0 i
0 0 0
−i 0 0

 , (3.92)
SJ3S
−1 = Jz =


0 −i 0
i 0 0
0 0 0

 . (3.93)
The complex spherical fields ψ1, ψ2, ψ3 can be expressed in terms of their Cartesian components
[54, 57] as follows
ψx = Ex + iBx, ψy = Ey + iBy, ψz = Ez + iBz. (3.94)
Substituting equations (3.91)-(3.94) in (3.85), we obtain in Cartesian coordinates


− i
c
∂
∂t
−∂z ∂y
∂z − ic ∂∂t −∂x
−∂y ∂x − ic ∂∂t




Ex + iBx
Ey + iBy
Ez + iBz

 = 0. (3.95)
These three equations are summarized as a vector equation by
− i
c
∂
∂t
(E+ iB) +∇×(E+ iB) = 0. (3.96)
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The real and imaginary parts of these equations are equal to zero and we find
∇×E+ 1
c
∂B
∂t
= 0
∇×B− 1
c
∂E
∂t
= 0. (3.97)
These two equations are the so called Maxwell “curl” equations.
The two Maxwell “divergence” equations are also present. Equation (3.77) that forces the non-
physical components of the state | 1 0
m 0
〉 (m = 1, 0,−1) to vanish says that, in the special frame with
little vector k0 = (0, 0, 1, 1), the only nonvanishing component is the component with m = j = 1.
In Cartesian coordinates, this component is −(x + iy) and the spatial part of the little vector k is
k0 = (0, 0, 1) along the z axis. This k0 is perpendicular to the complex plane formed by x and y.
In a arbitrary coordinate system, in an invariant representation, this states that k · (E + iB) = 0.
With the substitution k→ 1
i
∇, the real and imaginary parts of this complex equation reduce to
∇ ·B = 0
∇ ·E = 0. (3.98)
Thus, we obtain the four Maxwell equations for the electromagnetic field in vacuum.
The four equations (3.97) and (3.98) are necessary to obtain the source-free wave equation for
these fields: (∇2 − 1
c2
∂2
∂t2
)E = 0 and (∇2 − 1
c2
∂2
∂t2
)B = 0.
3.6.2 Gravitational Radiation Equations
For j = 2, equation (3.80) becomes
[J(2) · ∇+ 2I5 ∂
∂(ct)
]〈x|k〉〈k,
2 0
m 0
|ψ〉 = 0, (3.99)
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where m = 2, 1, 0,−1,−2 and J(2) = (J (2)1 , J (2)2 , J (2)3 ) = (J1, J2, J3) are 5 × 5 matrices in the basis
| 2, 2〉, | 2, 1〉, | 2, 0〉, | 2,−1〉, | 2,−2〉. They are given by
J1 =


0 1 0 0 0
1 0
√
6
2 0 0
0
√
6
2 0
√
6
2 0
0 0
√
6
2 0 1
0 0 0 1 0


, J2 =


0 −i 0 0 0
i 0 −
√
6i
2 0 0
0
√
6i
2 0 −
√
6i
2 0
0 0
√
6i
2 0 −i
0 0 0 i 0


J3 =


2 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 −1 0
0 0 0 0 −2


. (3.100)
The complex spherical fields are
m = 2 → ψ22(x) = ψ2(x) = 〈x|k〉〈k,
2 0
2 0
|ψ〉,
m = 1 → ψ21(x) = ψ1(x) = 〈x|k〉〈k,
2 0
1 0
|ψ〉,
m = 0 → ψ20(x) = ψ0(x) = 〈x|k〉〈k,
2 0
0 0
|ψ〉,
m = −1 → ψ2−1(x) = ψ−1(x) = 〈x|k〉〈k,
2 0
−1 0
|ψ〉,
m = −2 → ψ2−2(x) = ψ−2(x) = 〈x|k〉〈k,
2 0
−2 0
|ψ〉. (3.101)
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As before, these fields represent the components of the physical state ψ in the spherical basis |2, 2〉,
|2, 1〉, |2, 0〉, |2,−1〉, |2,−2〉 in the coordinate representation x, respectively. This basis is associated
with five linearly independent harmonic polynomials [54, 55, 56] xy, yz, zx, 12 (x
2−y2) and 1
2
√
3
(2z2−
x2 − y2) which form a basis of a 5-dimensional function space.
The transformation matrix from this spherical basis to the basis functions xy, yz, zx, 12 (x
2−y2),
1
2
√
3
(2z2 − x2 − y2) [54, 55, 56] is
S =


i√
2
0 0 0 − i√
2
0 − i√
2
0 − i√
2
0
0 − 1√
2
0 1√
2
0
1√
2
0 0 0 1√
2
0 0 1 0 0


. (3.102)
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By using a similarity transformation, the matrices of (3.100) in these basis functions, become
SJ1S
−1 = Jx =


0 0 −i 0 0
0 0 0 −i −i√3
i 0 0 0 0
0 i 0 0 0
0 i
√
3 0 0 0


(3.103)
SJ2S
−1 = Jy =


0 i 0 0 0
−i 0 0 0 0
0 0 0 −i i√3
0 0 i 0 0
0 0 −i√3 0 0


(3.104)
SJ3S
−1 = Jz =


0 0 0 2i 0
0 0 i 0 0
0 −i 0 0 0
−2i 0 0 0 0
0 0 0 0 0


. (3.105)
For convenience, we use the following notation for the basis functions
1 −→ xy,
2 −→ yz,
3 −→ zx,
4 −→ 1
2
(x2 − y2),
5 −→ 1
2
√
3
(2z2 − x2 − y2).
The complex spherical fields of (3.101) can be expressed in terms of their components in the basis
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functions as follows
ψn = Fn + iGn (3.106)
where n = 1, 2, 3, 4, 5 and, following an analogy to Maxwell’s equations of the previous section, Fn
and Gn would be the components of an electric-like field and magnetic-like field, respectively. Since,
here, we are studying the gravitational radiation (j = 2, gravitons), the components Fn will be the
components of a gravitoelectric field and Gn the components of a gravitomagnetic field.
Replacing, equations (3.103)-(3.106) in (3.99) and equalizing the real and imaginary parts of the
equation to zero, we find in these basis functions
1
2


0 ∂y −∂x 2∂z 0
−∂y 0 ∂z −∂x −
√
3∂x
∂x −∂z 0 −∂y
√
3∂y
−2∂z ∂x ∂y 0 0
0
√
3∂x −
√
3∂y 0 0




F1
F2
F3
F4
F5


+
1
c
∂
∂t


G1
G2
G3
G4
G5


= 0,
(3.107)
1
2


0 ∂y −∂x 2∂z 0
−∂y 0 ∂z −∂x −
√
3∂x
∂x −∂z 0 −∂y
√
3∂y
−2∂z ∂x ∂y 0 0
0
√
3∂x −
√
3∂y 0 0




G1
G2
G3
G4
G5


− 1
c
∂
∂t


F1
F2
F3
F4
F5


= 0,
where the 5× 5 matrix in terms of the partial derivative operators ∂x, ∂y and ∂z represents the curl
operator in these basis functions. This matrix can also be obtained by using the new definition of
curl operator (see appendix A), for j=2, curl = 12iJ
(2) · ∇ and it is shown to be equivalent to the
curl operator in R3 of a symmetric traceless rank-two tensor in R3 as well (see appendix A). These
two equations of (3.107) are the Maxwell-like “curl” equations for gravitational radiation.
There is another pair of equations for gravitational radiation called Maxwell-like “divergence”
equations, in complete analogy with the two Maxwell “divergence” equations of electromagnetism.
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In the special frame with k0 = (0, 0, 1, 1) the only nonvanishing component is |
2 0
m 0
〉 with m = 2.
This component in terms of Cartesian coordinates is (x + iy)2 = (x2 − y2) + 2ixy and the spatial
part of k is k0 = (0, 0, 1) along the z axis. This k0 is perpendicular to the complex plane formed
by (x2 − y2) and xy. All other components yz, zx, and (2z2 − x2 − y2) are forced to vanish. In a
3-dimensional arbitrary coordinate system, where the spatial component of the k vector is k, this
condition is kiSij = 0 and this becomes, after the standard Fourier transform, ∂
iSij = 0. Here Sij
is a tracefree second order symmetric tensor on R3 and has five independent elements. The tensor
Sij and the five components Fn (n = 1, 2, 3, 4, 5) are related as follows
Sij = Fij =


F11 F12 F13
F21 F22 F23
F31 F32 F33

 =


F4 − 1√3F5 F1 F3
F1 −F4 − 1√3F5 F2
F3 F2
2√
3
F5

 . (3.108)
For Gn, the relation with Sij is similar to (3.108). Therefore the divergence equations for gravita-
tional radiation, for the fields F = Fij and G = Gij in the representation given above, are
∂
∂xi
Fij = 0,
∂
∂xi
Gij = 0, (3.109)
where i, j = 1, 2, 3. We note in (3.108) that the five elements of F form a symmetric traceless tensor
of second rank Fij in R
3, the same is for G.
In this way, we obtain four Maxwell-like equations in vacuum for the gravitational field which is
described by the so-called gravitoelectric field F and gravitomagnetic field G. These two fields are
symmetric and traceless tensors of second rank in R3 in Cartesian coordinates.
Let us justify that the gravitoelectric field F and gravitomagnetic field G really describe a
gravitational field. To this end, we use the well known decomposition of Weyl tensor [30]. The
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decomposition of the Weyl tensor into electric and magnetic tensors Eab and Hab has a long history
[13, 14, 15]. They are defined [58, 59] by
Eab = Cacbdu
cud, Hab =
1
2
ηacdeC
cd
bfu
euf . (3.110)
where ua is a four-velocity and Cacbd is the Weyl tensor [30] that represents the free gravitational
field [58, 60]. In four dimensions and in terms of the Riemann tensor Rabcd, the Ricci tensor Rac
and the scalar curvature R, the Weyl tensor can be written as follows
Cabcd = Rabcd +
1
2
(gadRcb + gbcRda − gacRdb − gbdRca) + 1
6
(gacgdb − gadgcb)R. (3.111)
Both tensors Eab and Hab are spatial (a, b = 1, 2, 3) symmetric tracefree rank-two tensors [44, 58, 59].
Each of them has 5 independent components: En and Hn, n = 1, 2, 3, 4, 5 respectively, which satisfy
the transformation properties of a symmetric tracefree rank-two tensor under the discrete group
operations P and T . By using the transformation properties table of section 3.5.1 for j = 2, we have
Discrete Ei Hi
Operation
P + −
T − +
Thus, the Weyl tensor splits into these two symmetric tracefree tensors.
The two “curl” equations for the gravitational radiation (no sources) in terms of the tensors Eab
and Hab are expressed [44] by
(∇× E)ab + 1
c
∂Hab
∂t
= 0,
(∇×H)ab − 1
c
∂Eab
∂t
= 0,
(3.112)
where the notation (∇×T )ab stands for the spatial (R3) curl of a spatial symmetric traceless rank-two
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tensor Trs in R
3 and is defined [44] by
(∇× T )ab = ∂cTd(bǫa)cd, (3.113)
where round brackets enclosing indices denote symmetrization. This curl is also symmetric and
traceless tensor of second rank [44, 59] and is represented by a 3× 3 matrix.
The tensors Eab and Hab in matrix form are expressed by
Eab =


E4 −
√
3
3 E5 E1 E3
E1 −E4 −
√
3
3 E5 E2
E3 E2
2
√
3
3 E5

 (3.114)
Hab =


H4 −
√
3
3 H5 H1 H3
H1 −H4 −
√
3
3 H5 H2
H3 H2
2
√
3
3 H5

 . (3.115)
By using the definition of (∇ × T )ab and equations (3.114) and (3.115) in (3.112), we obtain two
matrix equations, each of them gives rises to 5 independent equations. The 5 equations from the
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first matrix equation are
−1
2
∂xE3 +
1
2
∂yE2 + ∂zE4 +
1
c
∂H1
∂t
= 0,
−1
2
∂x(E4 +
√
3E5)− 1
2
∂yE1 +
1
2
∂zE3 +
1
c
∂H2
∂t
= 0,
1
2
∂xE1 − 1
2
∂y(E4 −
√
3E5)− 1
2
∂zE2 +
1
c
∂H3
∂t
= 0,
1
2
∂xE2 +
1
2
∂yE3 − ∂zE1 + 1
c
∂H4
∂t
= 0,
√
3
2
∂xE2 −
√
3
2
∂yE3 +
1
c
∂H5
∂t
= 0, (3.116)
and the 5 equations from the second one are
−1
2
∂xH3 +
1
2
∂yH2 + ∂zH4 − 1
c
∂E1
∂t
= 0,
−1
2
∂x(H4 +
√
3H5)− 1
2
∂yH1 +
1
2
∂zH3 − 1
c
∂E2
∂t
= 0,
1
2
∂xH1 − 1
2
∂y(H4 −
√
3H5)− 1
2
∂zH2 − 1
c
∂E3
∂t
= 0,
1
2
∂xH2 +
1
2
∂yH3 − ∂zH1 − 1
c
∂E4
∂t
= 0,
√
3
2
∂xH2 −
√
3
2
∂yH3 − 1
c
∂E5
∂t
= 0. (3.117)
We have 10 equations in total. By comparing this set of equations with the 10 equations of (3.107)
that come from the constraint equation for j = 2, we find that the components of the two interacting
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fields F and G and the components of the electric and magnetic Weyl tensor E and H are related
as follows
Fn = En, Gn = Hn, (3.118)
and they satisfy the transformation properties rules under P and T for F and G.
In this way, we verify that the gravitoelectric field F and gravitomagnetic field G are the electric
and magnetic part of Weyl tensor, respectively, and establish a more direct connection of our fields
F and G with the gravitational field.
We can write the gravitational radiation equations (3.107) and (3.109) in a more compact form
as follows
curl F +
1
c
∂G
∂t
= 0,
curl G− 1
c
∂F
∂t
= 0,
div F = 0,
div G = 0, (3.119)
where the operator curl is defined in (3.107) and the operator “div” is the usual divergence operator
in R3. As we can see in the appendix, the curl of F (or G) is equivalent to the curl of Fij (or Gij)
in R3 which is denoted by (∇× F )ab (the same for G) . But, to avoid confusion with the notation
we keep using “curl” to denote the curl operator in R3. In this way, all equations of (3.119) can be
expressed in R3.
Following the same reasoning, we provide an interpretation for the general case of the equation
(3.84) in terms of symmetric traceless tensors of rank j in R3 and the curl operator in R3 that acts
on these tensors.
Now, we summarize the field equations that we have obtained in R3, as follows
CHAPTER 3. GEM:DERIVATION OF SOURCE-FREE EQUATIONS BY GROUP.... 52
• For j = 1, Maxwell’s Equations of Electromagnetism
∇ ·E = 0, ∇ ·B = 0,
∇×E+ 1
c
∂B
∂t
= 0, ∇×B− 1
c
∂E
∂t
= 0.
(3.120)
• For j = 2, Maxwell-like Equations for Gravitoelectromagnetism
div F = 0, div G = 0,
curl F +
1
c
∂G
∂t
= 0, curl G− 1
c
∂F
∂t
= 0.
(3.121)
The left side of the “curl” equations are symmetric traceless matrices.
• For any j, Field Equations
div TE = 0, div TB = 0,
curl TE +
1
c
∂TB
∂t
= 0, curl TB − 1
c
∂TE
∂t
= 0,
(3.122)
where TE and TB are symmetric traceless tensor and pseudo-tensor of rank j in R
3 with 2j + 1
independent elements each, and “curl” denotes the curl operator in R3 that acts on these tensors
and pseudotensors of rank j. The action of these operators “curl” and “div” on TE and TB has a
specific form depending on the rank j [61] so that the matrix representation [61] of these operators
is different for each rank j. The left side of each of the curl equations in (3.122) are symmetric
traceless tensors.
We emphazise the strong analogy between the field equations for j = 1 (photons) describing the
electromagnetic field and j = 2 (gravitons) describing the gravitational field. Therefore we use the
term gravitoelectromagnetism to express that gravity can be formulated in analogy to electromag-
netism.
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Finally we summarize our procedure used as follows. In the equation (3.84) we have spherical
tensors and pseudotensors T
(j)
E and T
(j)
B of rank j with 2j + 1 components for each one and the
operator curl = 1
i
J
(j)·∇
j
represented by a 2j + 1-dimensional matrix. All of this is written in a
spherical basis. By using the theory of harmonic functions, we can transform these T
(j)
E and T
(j)
B
and the operator curl to a function space of dimension 2j + 1 and expanded by basis functions,
which is given in terms of Cartesian coordinates x, y, z. In this way equation (3.84) is written in this
function space. Where the components of T
(j)
E and T
(j)
B is 2j+1 [54, 57] and the matrix representing
the operator curl is of dimension 2j + 1 . With this, we can represent the equation (3.84), these
tensors and pseudotensors and the action [61] of the operator curl on them in R3. For later purposes
it will be more convenient to work in R3.
We have to mention that along this thesis we are considering only integer values for j.
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Chapter 4: GEM with Sources and Wave Equation
In this chapter, we introduce sources into the field equations of GEM. These sources are expressed in
terms of the energy-momentum tensor and satisfy symmetry properties the same way as Maxwell’s
equations do. After obtaining the Maxwell-like equations for the gravitational field with sources, we
develop a nice formalism based on Clebsch-Gordan (C-G) coefficients (see appendix B) to obtain the
wave equation of a symmetric traceless tensor of any rank j. Particular cases of this wave equation
are the wave equation for electromagnetic fields (j = 1) and the wave equation for gravitational field
(j = 2).
4.1 Field Equations of GEM with Sources
Let us recall the field equations of electromagnetism with sources. In R3, Maxwell’s equations with
sources in vacuum are given by
div E = 4πρe, div B = 0,
curl E+
1
c
∂B
∂t
= 0, curl B− 1
c
∂E
∂t
=
4π
c
Je,
(4.1)
where ρe is the electric charge density and Je is the electric current density.
In a similar way, we can introduce sources into the field equations for GEM by using equation
(3.121). Therefore the Maxwell-like field equations for GEM with sources in vacuum are expressed
by
div F = 4πρg, div G = 0,
curl F +
1
c
∂G
∂t
= 0, curl G− 1
c
∂F
∂t
=
4π
c
Jstg ,
(4.2)
where ρg is the gravitoelectric charge density and J
st
g is the gravitoelectric current density, which is
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a symmetric traceless rank-two tensor. Although it is implicit in this treatment, we emphasize that
both sides, right and left, of the four equations in (4.2) are symmetric traceless tensors.
We need to know the form of the sources ρg and J
st
g explicitly. In Einstein’s theory, the grav-
itational field produced by a body depends not only on the distribution of matter but also on its
state of motion. This means that the source of gravitational field is the energy-momentum tensor
Tµν which has components corresponding to mass T00 as well as motion T0i and Tij . Therefore
it is natural to think that our sources can be built up from the energy-momentum tensor, more
specifically from a linear combination of its first derivatives since the action of the operators “curl”
and “div” on F and G are given in terms of first derivatives. The transformation properties of F ,
G and Tµν under space inversion P and time reversal T are also taken into account in constructing
our sources ρg and J
st
g . These transformation properties are summarized below
Discrete F G
Operation
P + −
T − +
and for Tµν
Discrete Tij T0i T00
Operation
P + − +
T + − +
.
With these considerations the field equations of gravitational field with sources in vacuum will have
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the following form
∂jFjk = a1∂jTjk + a2∂kTii + a3∂kT00 ∼ ρg,
∂kGjk = 0,
ǫklm∂lGmj − 1
c
∂Fkj
∂t
= b1∂jT0k + b2∂0Tjk + b3δjk∂0T ∼ Jg,
ǫklm∂lFmj +
1
c
∂Gkj
∂t
= 0, (4.3)
where the coefficients a1, a2, a3, b1, b2, b3 are constants which will be determined and T = T
µ
µ. Note
that the tensor Jg in (4.3) is neither symmetric nor traceless.
Now, let us proceed to determine the coefficients a’s and b’s. We note that the left side of the
third equation in (4.3) is traceless, then the right side of that equation must be also traceless. This
gives rise to a first set of constraints on the coefficients
b2 + 3b3 = 0, b1 − 3b3 = 0. (4.4)
Similar to the equation of continuity in electromagnetism, ρg and Jg in (4.3) also satisfy an equation
of continuity, from which we find a second set of constraints on the coefficients
a3 − b3 + b1 = 0, a2 + b3 = 0, a1 + b2 = 0. (4.5)
In obtaining these constraints, we also have used the conservation of energy-momentum tensor
∂νT
µν = 0.
Using (4.4) and (4.5), we can express the coefficients a2, a3, b1, b2, and b3 in terms of a1
a2 = −a13 b1 = a1
a3 = − 2a13 b2 = −a1
b3 =
a1
3 .
(4.6)
To calculate the coefficient a1 is simply a problem of units. In all this work we are using Gaussian
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units therefore a1 =
4piG
c2
. Substituting a1, and the expressions of (4.6) in (4.3), we find
∂jFjk =
4πG
c2
{
∂jTjk − 1
3
∂k(Tii + 2T00)
}
,
∂kGjk = 0,
ǫklm∂lGmj − 1
c
∂Fkj
∂t
=
4πG
c2
{
∂jT0k − ∂0Tjk + 1
3
δjk∂0T
}
,
ǫklm∂lFmj +
1
c
∂Gkj
∂t
= 0. (4.7)
However ǫklm∂lFmj and ǫklm∂lGmj in (4.7) are not symmetric. We symmetrize the third and fourth
equation so that all equations in (4.7) contain only symmetric traceless tensors, as it should be,
according to (4.2). Hence the field equations of GEM including sources in vacuum become
div F = 4πρg =
4πG
c2
{
∂jTjk − 1
3
∂k(Tii + 2T00)
}
,
div G = 0,
curl G− 1
c
∂F
∂t
=
4π
c
Jstg =
4πG
c2
{
1
2
(∂jT0k + ∂kT0j)− ∂0Tjk + 1
3
δjk∂0T
}
,
curl F +
1
c
∂G
∂t
= 0. (4.8)
The explicit expressions for ρg and J
st
g can be obtained from (4.8).
4.2 Wave Equation of Massless Tensor Fields
For tensors of rank one or vectors, as it is the case of electric and magnetic fields, the vector
calculus provides us the vector identities and the rules to apply the differential operators curl (curl),
divergence (div) and gradient (grad) on vectors. By using this we can find the wave equation for
electromagnetic field. To find the wave equation of a tensor of any rank we need to know how these
differential operators act on the tensors of any rank. To this end we develop a formalism based
on Clebsch-Gordon (C-G) coefficients which allows us to have a set of rules for the action of these
differential operators on tensors of any rank so that for the case of vectors it reduces to the standard
rules of vector calculus. This formalism based on C-G coefficients will be developed in the appendix
B.
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In this section, we use one important equation from this formalism (Eq.B.28, appendix B), which
will be very useful to find the wave equation of tensors of any rank. In R3, in Cartesian coordinates,
this equation is given by
curl(curl T ) =
2j − 1
j
grad(div T )−∇2T, (4.9)
where T is a symmetric traceless tensor of rank j in R3. For j = 1 we obtain the well known vector
identity
curl(curl T) = grad(div T) −∇2T (4.10)
where T is a tensor of rank j = 1 or a vector.
4.2.1 Wave Equation in Free Space
We start showing the wave equations in free space in R3. For the electromagnetic field (j = 1,
photons), the field equations are Maxwell’s equations in free space
div E = 0, div B = 0,
curl E+
1
c
∂B
∂t
= 0, curl B− 1
c
∂E
∂t
= 0.
(4.11)
Using (4.10) the wave equations are [62]
∇2E− 1
c2
∂2E
∂t2
= 0, ∇2B− 1
c2
∂2B
∂t2
= 0. (4.12)
For the gravitational field (j = 2, gravitons) the field equations are the Maxwell-like equations of
GEM in free space
div F = 0, div G = 0,
curl F +
1
c
∂G
∂t
= 0, curl G− 1
c
∂F
∂t
= 0.
(4.13)
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Using (4.9) for j = 2 and for F and G, respectively, the wave equations become
∇2F − 1
c2
∂2F
∂t2
= 0 , ∇2G− 1
c2
∂2G
∂t2
= 0. (4.14)
We can generalize, in free space, the wave equations for a tensor T of rank j. The field equations
governing the tensor and pseudo-tensor fields TE and TB of rank j are (3.122)
div TE = 0, div TB = 0,
curl TE +
1
c
∂TB
∂t
= 0, curl TB − 1
c
∂TE
∂t
= 0.
(4.15)
Using the identity (4.9), the general wave equations for these symmetric traceless tensors of rank j
are
∇2TE − 1
c2
∂2TE
∂t2
= 0, ∇2TB − 1
c2
∂2TB
∂t2
= 0. (4.16)
Thus, in free space in R3, it is straightforward to obtain the wave equations for both interactions
electromagnetic and gravitational ones.
4.2.2 Wave Equation with Sources
For the case of an electromagnetic field, Maxwell’s equations with sources in vacuum are given by
(4.1). By using (4.10), the wave equations in a space with sources become
∇2E− 1
c2
∂2E
∂t2
= 4π(grad ρe +
1
c2
∂J
∂t
),
∇2B− 1
c2
∂2B
∂t2
= −4π
c
curl Je. (4.17)
For the case of a gravitational field, the field equations or Maxwell-like equations with sources in
vacuum are given by (4.8). For j = 2 the equation (4.9) for F is
curl(curl F ) =
3
2
grad(div F )−∇2F. (4.18)
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A similar equation is valid for G. By using (4.18) and (4.8), the wave equations are
∇2F − 1
c2
∂2F
∂t2
= 4π
{
1
c2
∂Jstg
∂t
+
3
2
grad ρg
}
,
∇2G− 1
c2
∂2G
∂t2
= −4π
c
curl Jstg . (4.19)
where ρg and J
st
g are obtained from (4.8).
We can generalize the wave equations for symmetric traceless tensors TE and TB of rank j in
R3, in a Cartesian basis. The field equations for these tensors in a space with sources are given by
div TE = 4πρ, div TB = 0,
curl TB − 1
c
∂TE
∂t
=
4π
c
J, curl TE +
1
c
∂TB
∂t
= 0,
(4.20)
where ρ and J are symmetric, traceless tensors of rank j − 1 and j, respectively. By using (4.9) the
wave equations for these tensors are
∇2TE − 1
c2
∂2TE
∂t2
= 4π
{
1
c2
∂J
∂t
+ (
2j − 1
j
)grad ρ
}
,
∇2TB − 1
c2
∂2TB
∂t2
= −4π
c
curl J, (4.21)
where the source terms ρ and J will be determined for each case.
All these field equations and wave equations are satisfied by massless particles of helicity j
(integer). We notice the close analogy among these equations describing massless particles for any
helicity j.
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Chapter 5: Conclusions
In this work, we arrive at the following conclusions.
• The close analogy between the field equations describing gravity and electromagnetism is
evident. It is possible to generalize this formalism for massless particles of any helicity j
(integer). All these field equations have the same Maxwellian-type structure and consequently
analogous wave equations.
• The explanation for this close analogy is group theory. By using group theoretical methods and
comparing the transformation properties of the representations of massless particles, we have
constructed the constraint equation. This constraint equation keeps only the physical states
in our theory whereas the non-physical states are eliminated. This equation is fundamental to
obtain the field equations to describe massless particles. The Maxwellian structure of the field
equations has its origin in the constraint equation.
• For the electromagnetic field, the quantum description is given in terms of photons that are
the fundamental building blocks. Photons are described by a 4-vector k that obeys k · k = 0
in free space, and a helicity index indicating a projection of an angular momentum ±1 (in
units of ~) along the direction of propagation of the photon. Every physical state is described
by a superposition of the photon basis states, and every superposition describes a possible
physical state. In this description of the electromagnetic field no equations are necessary. The
classical description proceeds along somewhat different lines. A multicomponent field ( ~E, ~B)
is introduced at each point in space-time. The components of the field (tensor) transform
in a very elegant way under homogeneous Lorentz transformations. If the field is Fourier
transformed from the coordinate to the momentum representation, then each 4-momentum
has six components associated with it. Since the quantum description has only two indepen-
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dent components associated with each 4-momentum, there are four dimensions worth of linear
combinations of the classical field components that do not describe physically allowed states,
for each 4-momentum. Some mechanism must be derived for annihilating these non-physical
superpositions. This mechanism is the set of equations discovered by Maxwell for the electro-
magnetic field in the absence of sources. Similar equations hold for gravitational radiation in
Minkowski spacetime.
• The field equations of GEM (Maxwell-like equations) are obtained either using a vector for-
mulation or tensor formulation. In both cases the analogy to the Maxwell’s equations of
electromagnetism is shown although there are some differences between them. For instance
they have been constructed on different backgrounds. The vector formulation of GEM is based
in a framework within Einstein’s general relativity in the weak field approximation. In this
model, the gravitational field is described by two vectors, the so called gravitoelectric and
gravitomagnetic fields defined following the analogy with electromagnetism. These fields sat-
isfy a set of Maxwell-like equations. Our tensor formulation developed in this thesis is based
on group theory and the spin of massless particles. Here, the gravitational field is described
by two symmetric traceless tensor of rank two also called gravitoelectric and gravitomagnetic
fields. The fact these fields are symmetric traceless second rank tensor is due to the spin of
graviton (j = 2). These fields also satisfy a set of Maxwell-like equations. A vector formulation
of gravity, as we have seen, does not take into account the spin-two fields in the field equations
therefore the gravitoelectric and gravitomagnetic fields acquire a vector nature which is asso-
ciated with spin-one particles. Thus, it seems that our approach based on group theoretical
methods is the most natural way to formulate a description of the linearized gravity, since the
spin of the graviton gives rise to the field equations to describe gravity.
• The definitions of the differential operators in terms of C-G coefficients provide a rule for the
action of these operators on irreducible tensors of any rank and a beautiful matrix represen-
tation of these operators. These matrices have a symmetric and defined form as we can see
in appendix B. Useful and interesting properties of the differential operators are derived from
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these definitions and have been used to obtain the wave equations of the electromagnetic and
gravitational fields and, in general case, that of massless tensor fields of rank j. Thus, the
C-G coefficients play an important role in obtaining a general equation that describes a wave
behavior. In this way, the C-G coefficients can become a useful tool in relativity theory.
• The tensor approach based on group theory and developed in this thesis can be extended to
include a Lagrangian formalism so that it can be considered as a field theory and subsequently
can be used to outline a quantum theory of gravity. Another possible application of our
approach is to construct a gravitoelectromagnetic theory of the propagation, interference and
diffraction of the gravitational radiation. The C-G formalism for the differential operators
could be applied to massive particles by using the Proca action.
• We summarize the field equations obtained along this work below. The similarities and dif-
ferences between vector and tensor formulations are revealed. However, the analogy between
them stands.
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VECTOR
FORMULATION
Gravity
Maxwell− like
Equations
Free Space Sources
div Eg = 0 div Eg = −4πGρg
div
(
1
2Bg
)
= 0 div
(
1
2Bg
)
= 0
curl Eg +
1
c
∂
∂t
(
1
2
Bg
)
= 0 curl Eg +
1
c
∂
∂t
(
1
2
Bg
)
= 0
curl
(
1
2
Bg
)
− 1
c
∂Eg
∂t
= 0 curl
(
1
2
Bg
)
− 1
c
∂Eg
∂t
= −4πG
c
jg
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TENSOR
FORMULATION
j = 1 (photons)
Electromagnetism
Maxwell′s Eqs.
F ree Space Sources
div E = 0 div E = 4πρe
div B = 0 div B = 0
curl E+
1
c
∂B
∂t
= 0 curl E+
1
c
∂B
∂t
= 0
curl B− 1
c
∂E
∂t
= 0 curl B− 1
c
∂E
∂t
=
4π
c
Je
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j = 2 (gravitons)
Gravity
Maxwell− like
Equations
Free Space Sources
div F = 0 div F = 4πρg
div G = 0 div G = 0
curl F +
1
c
∂G
∂t
= 0 curl F +
1
c
∂G
∂t
= 0
curl G− 1
c
∂F
∂t
= 0 curl G− 1
c
∂F
∂t
=
4π
c
Jstg
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Integer j
Maxwell− like
Equations
Free Space Sources
div TE = 0 div TE = 4πρ
div TB = 0 div TB = 0
curl TE +
1
c
∂TB
∂t
= 0 curl TE +
1
c
∂TB
∂t
= 0
curl TB − 1
c
∂TE
∂t
= 0 curl TB − 1
c
∂TE
∂t
=
4π
c
J
General Wave Equation
∇2TE − 1
c2
∂2TE
∂t2
= 4π
{
1
c2
∂J
∂t
+ (
2j − 1
j
)grad ρ
}
∇2TB − 1
c2
∂2TB
∂t2
= −4π
c
curl J
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Appendix A: A New Definition of the Curl Operator
In section 3.5 we define the curl operator in a new way so that the constraint equations can be
written in a Maxwell-like form. This definition is given in the J(j)-matrix representation where
J(j) = (J
(j)
1 , J
(j)
2 , J
(j)
3 ) are the three (2j+1)× (2j+1) angular momentum matrices in the standard
angular momentum basis or spherical basis [46, 54, 57].
The purpose of this appendix is to show that this new definition is equivalent to the standard
definition in R3, in Cartesian coordinates. Actually, it is the action of this new curl operator on
tensors that is equivalent to the action of the standard curl operator in R3. We will show it,
specifically, for j = 1 and j = 2.
We defined the curl operator in the spherical basis as follows
curl = ∇× = 1
i
J(j) · ∇
j
=
1
ij
[J
(j)
3 ∂z +
1
2
(J
(j)
+ ∂− + J
(j)
− ∂+)] (A.1)
where ∂± = ∂x ± i∂y and J± = J1 ± iJ2 [54, 57].
For j = 1 the curl operator becomes
curl(1) =
1
i

 ∂z
√
2
2 (∂x − i∂y) 0√
2
2 (∂x + i∂y) 0
√
2
2 (∂x − i∂y)
0
√
2
2 (∂x + i∂y) −∂z

 . (A.2)
The components of a spherical tensor of rank one T
(1)
m are T
(1)
m = (T
(1)
1 , T
(1)
0 , T
(1)
−1 ). The action of
the curl(1) on this spherical tensor is
curl(1)

 T
(1)∗
1
T
(1)∗
0
T
(1)∗
−1

 =

 S
(1)∗
1
S
(1)∗
0
S
(1)∗
−1

 . (A.3)
The components of T
(1)
m can be expressed in terms of the Cartesian components of a tensor of rank
one or vector T = (Tx, Ty, Tz) as follows [54, 57]
T
(1)
1 = −
1√
2
(Tx + iTy),
T
(1)
0 = Tz,
T
(1)
−1 =
1√
2
(Tx − iTy). (A.4)
Therefore, equation (A.3) becomes
 1√2 [(∂zTy − ∂yTz)− i(∂xTz − ∂zTx)]∂xTy − ∂yTx
1√
2
[(∂yTz − ∂zTy)− i(∂xTz − ∂zTx)]

 =

 S
(1)∗
1
S
(1)∗
0
S
(1)∗
−1

 =

 − 1√2 [Sx − iSy]Sz
1√
2
[Sx + iSy]

 . (A.5)
Hence, the resulting spherical tensor from the action of curl(1) on T
(1)
m in terms of its Cartesian
components, is
Sx = ∂yTz − ∂zTy, Sy = ∂zTx − ∂xTz, Sz = ∂xTy − ∂yTx. (A.6)
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These are just the components of the curl operator of a tensor of rank one (vector) in R3, in Cartesian
coordinates. Thus, the action of curl(1) is equivalent to action of the standard curl operator ∇×T
in R3, in Cartesian coordinates.
For j = 2, the curl operator from (A.1) is
curl(2) =
1
2i


2∂z ∂x − i∂y 0 0 0
∂x + i∂y ∂z
√
6
2 (∂x − i∂y) 0 0
0
√
6
2 (∂x + i∂y) 0
√
6
2 (∂x − i∂y) 0
0 0
√
6
2 (∂x + i∂y) −∂z ∂x − i∂y
0 0 0 ∂x + i∂y −2∂z

 . (A.7)
The components of a spherical tensor of rank two are: T
(2)
m = (T 22 , T
2
1 , , T
2
0 , T
2
−1, T
2
−2). The action of
the curl(2) on this spherical tensor is given by
curl(2)


T
(2)∗
2
T
(2)∗
1
T
(2)∗
0
T
(2)∗
−1
T
(2)∗
−2

 =


S
(2)∗
2
S
(2)∗
1
S
(2)∗
0
S
(2)∗
−1
S
(2)∗
−2

 . (A.8)
The components of T
(2)
m can be expressed in terms of the components T1 = Txy, T2 = Tyz, T3 =
Txz,= T4 = T 1
2 (x
2−y2), T5 = T 1
2
√
3
(2z2−x2−y2) which are the components of a vector in a function
space expanded by the basis functions xy, yz, xz, 12 (x
2 − y2), 1
2
√
3
(2z2− x2− y2), at the same time,
these components are the five independent components of a symmetric traceless tensor of rank two
in R3, in Cartesian coordinates (also called an irreducible Cartesian tensor, see appendix B), which
are the elements of a 3× 3 symmetric traceless matrix. The relation with these components is
T
(2)
2 =
1√
2
(T4 + iT1),
T
(2)
1 = −
1√
2
(T3 + iT2),
T
(2)
0 = T5,
T
(2)
−1 =
1√
2
(T3 − iT2),
T
(2)
−2 =
1√
2
(T4 − iT1). (A.9)
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Using (A.7) and (A.9), equation (A.8) becomes

− 1
2
√
2
(2∂zT1 − ∂xT2 − ∂yT3) + 12√2 (−2∂zT4 + ∂xT3 − ∂yT2)i
1
2
√
2
(−∂xT1 + ∂yT4 + ∂zT2 −
√
3∂yT5)− 12√2 (∂xT4 + ∂yT1 − ∂zT3 +
√
3∂xT5)i
− 12 (−
√
3∂xT2 +
√
3∂yT3)
− 1
2
√
2
(−√3∂yT5 + ∂zT2 − ∂xT1 + ∂yT4)− 12√2 (
√
3∂xT5 − ∂yT3 + ∂xT4 + ∂yT1)i
− 1
2
√
2
(−∂xT2 − ∂yT3 + 2∂zT1)− 12√2 (∂xT3 − ∂yT2 − 2∂zT4)i


=


S
(2)∗
2
S
(2)∗
1
S
(2)∗
0
S
(2)∗
−1
S
(2)∗
−2


=


1√
2
(S4 − iS1)
− 1√
2
(S3 − iS2)
S5
1√
2
(S3 + iS2)
1√
2
(S4 + iS1)


. (A.10)
From (A.10), we identify the five components S1, S2, S3, S4, S5. As we mentioned, in R
3 these five
components are the five independent elements of an irreducible Cartesian tensor of rank two Sij ,
and are related to this tensor as follows
Sij =

 S4 −
√
3
3 S5 S1 S3
S1 −S4 −
√
3
3 S5 S2
S3 S2
2
√
3
3 S5

 =

 ∂yT3 − ∂zT1 12 ∂yT2 + ∂zT4 − 12 ∂xT3 12 (∂xT1 − ∂yT4 − ∂zT2 +
√
3∂yT5)
1
2
∂yT2 + ∂zT4 − 12 ∂xT3 ∂zT1 − ∂xT2
1
2
(∂zT3 − ∂xT4 −
√
3∂xT5 − ∂yT1)
1
2
(∂xT1 − ∂yT4 − ∂zT2 +
√
3∂yT5)
1
2
(∂zT3 − ∂xT4 −
√
3∂xT5 − ∂yT1) ∂xT2 − ∂yT3

. (A.11)
In R3, in Cartesian coordinates the standard definition [44] for the curl of an irreducible Cartesian
tensor of rank two Tkl
Tkl =

 T4 −
√
3
3 T5 T1 T3
T1 −T4 −
√
3
3 T5 T2
T3 T2
2
√
3
3 T5

 , (A.12)
is given by
(∇× T )il = ∂jTk(lǫi)jk =
ǫijk∂jTkl + ǫljk∂jTki
2
. (A.13)
Then, the curl of Tkl is
(∇× T )il =

 ∂yT3 − ∂zT1 12 ∂yT2 + ∂zT4 − 12 ∂xT3 12 (∂xT1 − ∂yT4 − ∂zT2 +
√
3∂yT5)
1
2
∂yT2 + ∂zT4 − 12 ∂xT3 ∂zT1 − ∂xT2
1
2
(∂zT3 − ∂xT4 −
√
3∂xT5 − ∂yT1)
1
2
(∂xT1 − ∂yT4 − ∂zT2 +
√
3∂yT5)
1
2
(∂zT3 − ∂xT4 −
√
3∂xT5 − ∂yT1) ∂xT2 − ∂yT3

. (A.14)
Comparing (A.11) and (A.14), we conclude that the action of curl(2) is equivalent to (∇ × T )il in
R3.
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It is useful to express these curl operators in the basis functions. Using (3.90), we express curl(1)
in a Cartesian basis as follows
∇(1) = (S)(curl(1))(S−1) =

 0 −∂z ∂y∂z 0 −∂x
−∂y ∂x 0

 , (A.15)
and using (3.102), we express curl(2) in the basis function xy, yz, xz,
1
2 (x
2−y2), 1
2
√
3
(2z2−x2−y2),
by
curl = ∇(2) = (S)(curl(2))(S−1) =


0 12∂y − 12∂x ∂z 0
− 12∂y 0 12∂z − 12∂x −
√
3
2 ∂x
1
2∂x − 12∂z 0 − 12∂y
√
3
2 ∂y
−∂z 12∂x 12∂y 0 0
0
√
3
2 ∂x −
√
3
2 ∂y 0 0

 . (A.16)
If we apply these ∇(1) and ∇(2) on a tensor of rank one and two, respectively, we will obtain the the
same results given in (A.6) and (A.14).
In (A.16), we write curl just to remind that this is the same 5×5 matrix given in (3.107).
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Appendix B: Differential Operators and the C-G Coefficients
The standard definitions, in R3, of the differential operators divergence, curl and gradient acting
on a vector are well known in Cartesian coordinates. The quantum theory of angular momentum
affords a treatment of vectors and tensors in a spherical basis. Using this theory we define the
differential operators divergence, curl and gradient acting on a tensor of any rank, in terms of the
C-G coefficients. With these definitions, a matrix representation for these differential operators is
obtained.
The ladder operators [54] of quantum mechanics lead us to introduce the spherical basis which
is more convenient for describing vectors and tensors since they can be easily expressed in their
irreducible [54] forms in this basis.
In this work we only deal with irreducible tensors of rank j [54, 56, 63] which are tensors that
cannot be decomposed into lower rank tensors. A spherical tensor T
(j)
m of rank j and 2j + 1 com-
ponents is an irreducible tensor. A symmetric traceless tensor Tikl... = A<ikl...> of rank j in R
3, in
Cartesian coordinates, with 2j + 1 components is also an irreducible tensor. This is also called an
irreducible Cartesian tensor Tikl... of rank j. An irreducible Cartesian tensor of rank two has the
following form
Tik = A<ik> =
1
2
(Aik +Aki)− 1
3
Aδik (B.1)
where A is the trace of Aik. This tensor Tik has 5=2(2)+1 independent elements. The angular
brackets <> enclosing indices represent the symmetric traceless part of a tensor.
The individual components of the spherical tensor T
(j)
m of rank j can be expressed as a linear
combination of the components of the irreducible Cartesian tensor Tikl... of rank j and vice versa.
Therefore the 2j + 1 components of the irreducible Cartesian tensors have the same transformation
properties under rotation as the spherical harmonics of rank j. For the case of tensors of rank one
and two, these linear combinations are given in (A.4) and (A.9), respectively. At the same time,
the 2j +1 components of the irreducible Cartesian tensor of rank j (in R3) form the components of
a vector in a function space of dimension 2j + 1 expanded by basis functions. We give an example
using a tensor of rank two. A spherical tensor of rank two T
(2)
m has 5 components
T (2)m = (T
(2)
2 , T
(2)
1 , T
(2)
0 , T
(2)
−1 , T
(2)
−2 ).
According to the theory of harmonic functions, these components can be expressed by
T
(2)
2 =
1√
2
(T4 + iT1),
T
(2)
1 = −
1√
2
(T3 + iT2),
T
(2)
0 = T5,
T
(2)
−1 =
1√
2
(T3 − iT2),
T
(2)
−2 =
1√
2
(T4 − iT1),
where the five components T1, T2, T3, T4, T5 are the components of a vector in a function space of
dimension 5 expanded by the function basis 1, 2, 3, 4, 5 (see Section 3.6.2 for the notation used here).
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But, these five components become the five independent components of a irreducible Cartesian tensor
of rank two Tik, in R
3. Thus, we have
Tkl =

 T11 T12 T13T21 T22 T23
T31 T32 T33

 =

 T4 −
√
3
3 T5 T1 T3
T1 −T4 −
√
3
3 T5 T2
T3 T2
2
√
3
3 T5

 .
In the equations above, we can see explicitly the relation between the components of a spherical
tensor and an irreducible Cartesian tensor of rank two and their relation with the components of a
vector in the function space.
The irreducible tensors are the simplest representations; all others can be built up from them.
We may construct expressions for the components of any quantity which transforms like a vector
under rotations. With the aid of a spherical basis we may use the coupling methods [54, 64] of
angular momentum to construct spherical tensors of any rank from the spherical components of
a given set of vector quantities. We use the coupling of two angular momenta and the definition
of tensor product to obtain the differential operators in terms of C-G coefficients. This provides
us with a matrix representation and very interesting properties for the differential operators. This
formalism becomes very useful to obtain the wave equation for tensors of any rank.
B.1 Coupling of Two Angular Momenta. C-G Coefficients
Let J1 and J2 be the operators corresponding to the two angular momenta, then the total angular
momentum operator J is obtained by J = J1 + J2. Thus we have two sets of mutually commuting
operators.
set I : J21,J
2
2, J1z, J1z,
set II : J21,J
2
2,J
2, Jz. (B.2)
The eigenvectors | j
m
〉 corresponding to the second set (coupled representation) can be expanded
in terms of the eigenvectors | j1 j2
m1 m2
〉 corresponding to the first set (uncoupled representation)
and viceversa
| j
m
〉 =
∑
m1
〈 j1 j2 j
m1 m2 m
〉 | j1 j2
m1 m2
〉, (B.3)
where −j1 ≤ m1 ≤ j1, −j2 ≤ m2 ≤ j2, −j ≤ m ≤ j, m1 +m2 = m and |j1 − j2| ≤ j ≤ j1 + j2. The
coefficients 〈 j1 j2 j
m1 m2 m
〉 are known as the C-G coefficients [54, 64, 65]. They are the unitary
transformation coefficients that connect both uncoupled and coupled representations.
Given any two spherical tensors T
(j1)
m1 and T
(j2)
m2 of rank j1 and j2, respectively, we can define a
tensor product of these two tensors by using (B.3), as follows
Q(j)m =
∑
m1
〈 j1 j2 j
m1 m2 m
〉T (j1)m1 T (j2)m2 (B.4)
This relation will be used define the differential operators in terms of C-G coefficients.
B.2 Differential Operators
In R3 the divergence constructs a scalar field from a vector field, the curl a vector field from a
vector field and the gradient a vector field from a scalar field. The definition of these operators
can be extended to tensors of rank j that are symmetric and traceless (irreducible). The set of all
symmetric traceless Cartesian tensors Tikl... of rank j (irreducible Cartesian tensor) generates an
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irreducible representation of rank j and dimension 2j + 1 of the group of proper rotations SO(3).
Thus the tensors Tikl... and T
(j)
m , both of rank j, have the same number of components 2j + 1.
Since the “del” operator ∇ will be used in all our definitions, we show here the relation between
its spherical components D1 = (∂1, ∂0, ∂−1) and its Cartesian components ∇ = (∂x, ∂y, ∂z). Both
sets of components are related by
∂1 = ∂
(1)
1 = −
1√
2
(∂x + i∂y), ∂0 = ∂
(1)
0 = ∂z, ∂−1 = ∂
(1)
−1 =
1√
2
(∂x − i∂y).
As we mentioned previously, we are considering only integer values for j in this work.
B.2.1 Divergence
The divergence operator (div) constructs a tensor field of one lower rank from a tensor field. We
can define this operator on a tensor of rank j in two ways
a. Cartesian Coordinates
(div T )bcd... = ∂aTa<bcd...> (B.5)
where a, b, c, d... = 1, 2, 3 or x, y, z.
b. Clebsh-Gordan Coefficients
Using (B.4)
Q(j−1)m = (D
1 × T (j))(j−1)m =
∑
m1=1,0,−1
〈 1 j j − 1
m1 m2 m
〉∂m1T (j)m2 , (B.6)
where −(j− 1) ≤ m ≤ j− 1, m1+m2 = m and T is an irreducible Cartesian tensor of rank j in R3.
These two definitions are equivalent, aside from an overall proportionality factor k. By using a
general spherical tensor of the form T
(j)
m2 = r
jY
(j)
m2 , in the equation (B.6) the factor k is given by
k = −
√
j(2j + 1)
2j − 1 . (B.7)
Hence both definitions (B.5) and (B.6) are equivalent and the divergence operator in terms of C-G
coefficients is given by
(div T )bcd...︸ ︷︷ ︸
j−1
= −
√
j(2j + 1)
2j − 1
∑
m1=1,0,−1
〈 1 j j − 1
m1 m2 m
〉∂m1T (j)m2 . (B.8)
For example, for an irreducible Cartesian tensorT of rank j = 1 or vector, the divergence is expressed
by the equation (B.8) as follows
(div T) = −
√
3
∑
m1=1,0,−1
〈 1 1 0
m1 m2 m
〉∂m1T (1)m2 .
Using the table to calculate the C-G coefficients [64, 65], we find
(div T) = ∂0T
(1)
0 − ∂1T (1)−1 − ∂−1T (1)1 .
Expressing this equation in terms of the Cartesian components of T
(1)
m , given in (A.4), and D1 =
(∂1, ∂0, ∂−1), we obtain
(div T) = ∂xTx + ∂yTy + ∂zTz.
This the well known expression for the divergence of a vector in R3, in Cartesian coordinates.
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B.2.2 Curl
The curl operator (curl) constructs a tensor field from a tensor field of the same type. There are
two ways to write the curl operator
a. Cartesian Coordinates
(curl T )abc.. = ǫ<akn∂kTnbc...>. (B.9)
b. Clebsh-Gordan Coefficients
Using (B.4)
Q(j)m = (D
1 × T (j))(j)m =
∑
m1=1,0,−1
〈 1 j j
m1 m2 m
〉∂m1T (j)m2 , (B.10)
where −j ≤ m ≤ j and m1 +m2 = m.
Both definitions are equivalent up to a proportionality factor k, which will be determined by
using a general spherical tensor of the form T
(j)
m2 = im2r
jY
(j)
m2 . Then, the factor k becomes
k = −i
√
j(j + 1)
j
. (B.11)
Consequently, the definitions (B.9) and (B.10) are equivalent and the curl operator in terms of C-G
coefficients is
(curl T )abc...︸ ︷︷ ︸
j
= −i
√
j(j + 1)
j
∑
m1=1,0,−1
〈 1 j j
m1 m2 m
〉∂m1T (j)m2 . (B.12)
For the case of an irreducible Cartesian tensor T of rank j = 1 or vector, the curl is expressed by
the equation (B.12) as follows
(curl T)a = −i
√
2
∑
m1=1,0,−1
〈 1 1 1
m1 m2 m
〉∂m1T (1)m2 ,
where m = 1, 0,−1 which will give rise to the three Cartesian components of the curl of a vector.
Using the table of the C-G coefficients and the Cartesian components of T
(1)
m and D1 we find that
(curl T)x = ∂yTz − ∂zTy,
(curl T)y = ∂zTx − ∂xTz,
(curl T)z = ∂xTy − ∂yTx.
This is the well known expression for the curl of a vector T in R3.
B.2.3 Gradient
The gradient operator (grad) constructs a tensor of one higher rank from a tensor field. There are
two ways to write the gradient operator.
a. Cartesian Coordinates
(grad T )abcd... = ∂<aTbcd...>. (B.13)
b. Clebsh-Gordan Coefficients
Unsing (B.4)
Q(j+1)m = (D
1 × T (j))(j+1)m =
∑
m1=1,0,−1
〈 1 j j + 1
m1 m2 m
〉∂m1T (j)m2 , (B.14)
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where −(j + 1) ≤ m ≤ j + 1 and m1 +m2 = m.
These two definitions are equivalent, aside from an overall proportionality factor k which is
obtained by using a general spherical tensor of the form T
(j)
m2 = r
j+2Y
(j)
m2 . The factor k is
k =
1√
j + 1
. (B.15)
Therefore the definitions (B.13) and (B.14) are identical and the gradient operator in terms of C-G
coefficients is written by
(grad T )abcd...︸ ︷︷ ︸
j+1
=
1√
j + 1
∑
m1=1,0,−1
〈 1 j j + 1
m1 m2 m
〉∂m1T (j)m2 . (B.16)
For a scalar T = T
(0)
m that is an irreducible Cartesian tensor of rank j = 0, the gradient becomes by
the equation (B.16)
(grad T )a =
∑
m1=1,0,−1
〈 1 0 1
m1 m2 m
〉∂m1T (0)m2 ,
wherem = 1, 0,−1 which will give rise to the three Cartesian components of the gradient of a vector.
Using the table of the C-G coefficients and the Cartesian components of D1, we obtain
(grad T )x = ∂xT (grad T )y = ∂yT (grad T )z = ∂zT
This is the well known expression for the gradient of a scalar T in R3.
B.3 Matrix Representation of the Differential Operators
These definitions of the differential operators allow one to obtain a matrix representation for these
operators in the spherical basis.
B.3.1 Divergence
The right side of the definition (B.8) can be written as a matrix R(j−1)∗ = DIV(j) T (j)∗, where
R(j−1)∗ and T (j)∗ are column vectors and DIV(j) is a (2j − 1)× (2j +1) matrix whose elements are
(DIV)(j)mm2 = −
√
j(2j + 1)
2j − 1 〈
1 j j − 1
m−m2 m2 m 〉∂
∗
m−m2 (B.17)
with −j + 1 ≤ m ≤ j − 1 and −j ≤ m2 ≤ j. For instance, for j = 2, the matrix for the divergence
operator is given by
DIV(2) =
(
−(∂x + i∂y) ∂z 1√
6
(∂x − i∂y) 0 0
0 − 1√
2
(∂x + i∂y)
2√
3
∂z
1√
2
(∂x − i∂y) 0
0 0 − 1√
6
(∂x + i∂y) ∂z (∂x − i∂y)
)
B.3.2 Curl
The right side of equation (B.12) can take the following form R(j)∗ = CURL(j) T (j)∗, where CURL(j)
is a (2j + 1)× (2j + 1) matrix whose elements are
(CURL)(j)mm2 = i
√
j(j + 1)
j
〈 1 j j
m−m2 m2 m 〉∂
∗
m−m2 (B.18)
with −j ≤ m ≤ j and −j ≤ m2 ≤ j. For instance, for j = 2, the matrix is
CURL(2) =
1
2i


2∂z ∂x − i∂y 0 0 0
∂x + i∂y ∂z
√
6
2
(∂x − i∂y) 0 0
0
√
6
2
(∂x + i∂y) 0
√
6
2
(∂x − i∂y) 0
0 0
√
6
2
(∂x + i∂y) −∂z ∂x − i∂y
0 0 0 ∂x + i∂y −2∂z


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B.3.3 Gradient
The right side of the definition (B.16) can be expressed byR(j+1)∗ = GRAD(j) T (j)∗, where GRAD(j)
is a (2j + 3)× (2j + 1) matrix whose elements are
(GRAD)(j)mm2 =
1√
j + 1
〈 1 j j + 1
m−m2 m2 m 〉∂
∗
m−m2 (B.19)
with −j − 1 ≤ m ≤ j + 1 and −j ≤ m2 ≤ j. For instance, for j = 1, this matrix has the following
form
GRAD(1) =


− 12 (∂x − i∂y) 0 0
1
2∂z − 12√2 (∂x − i∂y) 0
1
2
√
6
(∂x + i∂y)
1√
3
∂z − 12√6 (∂x − i∂y)
0 1
2
√
2
(∂x + i∂y)
1
2∂z
0 0 12 (∂x + i∂y)

 .
B.4 Properties of Differential Operators
By using the matrix representation of the differential operators we obtain the following properties.
CURL(1)GRAD(0)T (0) = 0, (B.20)
DIV(1)CURL(1)T (1) = 0, (B.21)
CURL(1)CURL(1)T (1) = GRAD(0)DIV(1)T (1) −∇2T (1). (B.22)
These properties have the same form as the well-known properties of vector analysis in a Cartesian
basis. The matrix representation allows us to generalize the equation (B.22) for a spherical tensor
T (j) of rank j
CURL(j)CURL(j)T (j) =
2j − 1
j
GRAD(j−1)DIV(j)T (j) −∇2T (j). (B.23)
We can also obtain another interesting property
DIV(j+1)GRAD(j)T (j) =
(2j − 1)(j + 1)
j(2j + 1)
GRAD(j−1)DIV(j)T (j)
− 1
j + 1
CURL(j)CURL(j)T j. (B.24)
Other important properties can also be derived
CURL(2)GRAD(1)T (1) =
1
2
GRAD(1)CURL(1)T (1), (B.25)
DIV(2)CURL(2)T (2) =
1
2
CURL(1)DIV(2)T (2), (B.26)
GRAD(1)T (1) =
1
2
DIV(2)†T (1), (B.27)
where † denotes the adjoint or hermitian conjugate of an operator.
Due to the linear relation that exists between the 2j +1 components of an irreducible Cartesian
tensor of rank j and the 2j + 1 components of the spherical tensor of rank j, as we mention at the
beginning of this appendix, it is straightforward to obtain all these properties in R3 in a Cartesian
basis. For instance, in R3 in Cartesian coordinates, the property (B.23) is expressed by
curl(curl T ) =
2j − 1
j
grad(div T )−∇2T (B.28)
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where T is a irreducible Cartesian tensor of rank j in R3. This relation was used to construct the
wave equation of a tensor T .
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